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S����� M����������� C�������� 2017 Solutions and investigations

1. One of the following numbers is prime. Which is it?

A 2017 � 2 B 2017 � 1 C 2017 D 2017 + 1 E 2017 + 2

S������� C

We see that:

2017 � 2 = 2015 and 2015 is a multiple of 5. So 2017 � 2 is not prime.

2017 � 1 = 2016 and 2016 is a multiple of 2. So 2017 � 1 is not prime.

2017 + 1 = 2018 and 2018 is a multiple of 2. So 2017 + 1 is not prime.

2017 + 2 = 2019 and 2019 is a multiple of 3. So 2017 + 2 is not prime.

We are told that one of the given options is prime. We may therefore deduce that the remaining
option, 2017, is prime.

F�� �������������

1.1 In the context of the SMC it is safe to assume that the information given in the question is
correct. Therefore, having shown that 2017 � 2, 2017 � 1, 2017 + 1 and 2017 + 2 are not
prime, we may deduce that 2017 is prime.
However, without this assumption, if we wish to show that 2017 is prime, we need to
check that there are no prime factors of 2017 which are less than 2017.
Which is the largest prime p that we need to check is not a factor of 2017 in order to show
that 2017 is prime?

1.2 One way to see that 2019 is a multiple of 3 is by noting that the sum of its digits,
2 + 0 + 1 + 9 = 12, is a multiple of 3.
Why does this test for divisibility by 3 work?

1.3 (a) Which is the least positive integer n such that either 2017 � n or 2017 + n is prime?
(b) Which is the least positive integer n such that both 2017� n and 2017+ n are prime?

2. Last year, an earthworm from Wigan named Dave wriggled into the record books as the
largest found in the UK. Dave was 40 cm long and had a mass of 26 g.

What was Dave’s mass per unit length?

A 0.6 g/cm B 0.65 g/cm C 0.75 g/cm D 1.6 g/cm
E 1.75 g/cm

S������� B

Dave’s mass per unit length is
26
40

g/cm. We have

26
40
=

26
10 ⇥ 4

=
2.6
4
= 0.65.

Therefore Dave’s mass per unit length is 0.65 g/cm.
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S����� M����������� C�������� 2017 Solutions and investigations

3. The five integers 2, 5, 6, 9, 14 are arranged into a di�erent order. In the new arrangement,
the sum of the first three integers is equal to the sum of the last three integers.

What is the middle number in the new arrangement?

A 2 B 5 C 6 D 9 E 14

S������� E

Let the integers in the new arrangement be in the order p, q, r , s, t. Because the sum of the first
three integers is the same as the sum of the last three,

p + q + r = r + s + t,

and hence
p + q = s + t.

We therefore see that the pair of integers p, q has the same sum as the pair s, t. Also, the middle
number, r , is the one that is not included in either of these pairs.

It is straightforward to check that 2 + 9 = 5 + 6 and that 2, 9 and 5, 6 are the only two pairs of the
given integers with the same sum.

Therefore the middle integer in the new arrangement is 14, as this does not occur in either pair.

F�� �������������

3.1 In how many di�erent ways may the integers 2, 5, 6, 9, 14 be arranged into a di�erent
order so that the sum of the first three integers is equal to the sum of the last three integers?

3.2 Suppose that the integers 3, 7, 8, 10, 12 are arranged into a di�erent order so that the sum
of the first three integers is equal to the sum of the last three. What is the middle number
in the new arrangement?

3.3 The integers 3, 6, 9, 12, 15 are to be arranged into a di�erent order so that the sum of the
first three integers is equal to the sum of the last three. How many di�erent possibilities
are there for the middle number in the new arrangement?

3.4 Five di�erent integers are to be arranged in order so that the sum of the first three integers
is the same as the sum of the last three. What is the maximum number of possibilities for
the middle number in the new arrangement?

3.5 (a) What is the largest number of integers that may be chosen from the set of all positive
integers from 1 to 10, inclusive, so that no two pairs of the chosen integers have the
same total?

(b) What is the largest number of integers that may be chosen from the set of all positive
integers from 1 to 20, inclusive, so that no two pairs of the chosen integers have the
same total?

© UKMT November 2017 www.ukmt.org.uk 3
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S����� M����������� C�������� 2017 Solutions and investigations

4. Which of the following is equal to 2017 � 1
2017

?

A
20172

2016
B

2016
2017

C
2018
2017

D
4059
2017

E
2018 ⇥ 2016

2017

S������� E

Writing both 2017 and 1
2017

over a common denominator, we have

2017 � 1
2017

=
20172 � 1

2017
.

Now,
20172 � 1 = 20172 � 12.

Hence, using the standard factorization of the di�erence of two squares, we have

2017 � 1
2017

=
20172 � 12

2017
=

(2017 + 1)(2017 � 1)
2017

=
2018 ⇥ 2016

2017
.

5. One light-year is nearly 6 ⇥ 1012 miles. In 2016, the Hubble Space Telescope set a new
cosmic record, observing a galaxy 13.4 thousand million light-years away.

Roughly how many miles is that?

A 8 ⇥ 1020 B 8 ⇥ 1021 C 8 ⇥ 1022 D 8 ⇥ 1023 E 8 ⇥ 1024

S������� C

One thousand million is 1000 ⇥ 1 000 000 = 103 ⇥ 106 = 103+6 = 109. Therefore 13.4 thousand
million light-years is 13.4 ⇥ 109 light-years. Therefore, because a light-year is nearly 6 ⇥ 1012

miles, 13.4 thousand million light-years is approximately

(6 ⇥ 1012) ⇥ (13.4 ⇥ 109) light-years.

Now
(6 ⇥ 1012) ⇥ (13.4 ⇥ 109) = (6 ⇥ 13.4) ⇥ (1012 ⇥ 109).

Now 6 ⇥ 13.4 is approximately 80, therefore, (6 ⇥ 13.4) ⇥ (1012 ⇥ 109) is approximately

80 ⇥ (1012 ⇥ 109).

Finally, we have

80 ⇥ (1012 ⇥ 109) = 8 ⇥ 10 ⇥ 1012+9 = 8 ⇥ 10 ⇥ 1021 = 8 ⇥ 1022.

Therefore 13.4 thousand million light-years is approximately 8 ⇥ 1022 miles.
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S����� M����������� C�������� 2017 Solutions and investigations

6. The circles in the diagram are to be coloured so that any two circles
connected by a line segment have di�erent colours.

What is the smallest number of colours required?

A 2 B 3 C 4 D 5 E 6

S������� B

Each pair of the circles labelled P, Q and R in the figure on the right is
connected by a line segment. Therefore these three circles must be coloured
using di�erent colours. So at least three colours are needed.

The figure on the right (with the circles enlarged for the sake of clarity)
shows one way to colour the circles using three colours so that circles
connected by a line segment have di�erent colours.

Therefore 3 is the smallest number of colours required.

F�� �������������

6.1 In how many di�erent ways is it possible to colour the circles in the diagram in the
question, using the three colours red, green and blue, so that circles connected by a line
segment have di�erent colours?

6.2 What is the smallest number of colours needed to colour the circles in
the figure on the right so that circles connected by a line segment have
di�erent colours?

6.3 It follows from the Four Colour Theorem that any arrangement of circles in the plane,
connected by line segments that do not cross one another, may be coloured using at most
four colours so that circles connected by a line segment have di�erent colours.

Find an arrangement of circles connected by line segments for which four colours are
needed.

What is the smallest number of circles in such an arrangement?

N���

The first proof of the Four Colour Theorem about maps drawn in the plane was published by
Kenneth Appel and Wolfgang Haaken in 1977. Their proof reduced the general case to 1482
unavoidable configurations which needed to be checked separately. These configurations were
generated and checked by a computer program. Since 1977 simpler proofs using a computer
have been found. But no-one has yet found a proof which is simple enough for a human being to
check it, just using pencil and paper, in a reasonable amount of time.

A good book on the Four Colour theorem is Four Colours Su�ce: How the Map Problem was
Solved, Robin Wilson, 2002.

© UKMT November 2017 www.ukmt.org.uk 5
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S����� M����������� C�������� 2017 Solutions and investigations

7. The positive integer k satisfies the equation
p

2 +
p

8 +
p

18 =
p

k.

What is the value of k?

A 28 B 36 C 72 D 128 E 288

S������� C

Because 8 = 22 ⇥ 2 and 18 = 32 ⇥ 2, we have
p

8 = 2
p

2 and
p

18 = 3
p

2. Therefore
p

2 +
p

8 +
p

18 =
p

2 + 2
p

2 + 3
p

2

= 6
p

2

=
p

62 ⇥ 2

=
p

72.

Therefore k = 72.

8. When evaluated, which of the following is not an integer?

A 1�1 B 4� 1
2 C 60 D 82

3 E 163
4

S������� B

We have

1�1 =
1
1
= 1,

4�
1
2 =

1
41

2
=

1
p

4
=

1
2
,

60 = 1,

8
2
3 = (81

3 )2 = ( 3p8)2 = 22 = 4,
and

16
3
4 = (16

1
4 )3 = ( 4p16)3 = 23 = 8.

We therefore see that only the expression of option B gives a number which is not an integer
when it is evaluated.

F�� �������������

8.1 The standard convention is that for x , 0, we take 1 as the value of x0. Why is this
convention a sensible one to use?

8.2 The standard convention is that 00 represents the number 1. Why is this a sensible
convention?

8.3 In the answer to Question 8 we have used the fact that when p and q are positive integers,
and x > 0, the convention is that x

p
q means ( q

p
x)p. Why do we adopt this convention?

© UKMT November 2017 www.ukmt.org.uk 6
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S����� M����������� C�������� 2017 Solutions and investigations

9. The diagram shows an n⇥(n+1) rectangle tiled with k⇥(k+1)
rectangles, where n and k are integers and k takes each value
from 1 to 8 inclusive.

What is the value of n?

A 16 B 15 C 14 D 13 E 12

S������� B

The total area of the rectangles of size k ⇥ (k + 1), for k = 1, 2, 3, 4, 5, 6, 7, 8, is

1 ⇥ 2 + 2 ⇥ 3 + 3 ⇥ 4 + 4 ⇥ 5 + 5 ⇥ 6 + 6 ⇥ 7 + 7 ⇥ 8 + 8 ⇥ 9 = 2 + 6 + 12 + 20 + 30 + 42 + 56 + 72
= 240
= 15 ⇥ 16.

Therefore n = 15.

In the context of the SMC the above calculation is su�cient to show
that, if the smaller rectangles tile a rectangle of size n ⇥ (n + 1), for
some integer n, then n = 15.

However, for a complete solution it is necessary to show that the
eight smaller rectangles can be used to a tile a 15 ⇥ 16 rectangle.

It looks from the figure in the question that this is possible. The figure
on the right confirms that the sizes of the rectangles are correct.

Note also that from this figure we can see directly that the large rectangle has size 15 ⇥ 16.

F�� �������������

9.1 (a) Find a formula in terms of s for the total area of the rectangles of size k ⇥ (k + 1) for
all the integer values of k from 1 to s inclusive.
In other words, find a formula for the sum

1 ⇥ 2 + 2 ⇥ 3 + 3 ⇥ 4 + · · · + s ⇥ (s + 1).
[Note that using the ⌃ notation, we may write this sum as

s’
k=1

k ⇥ (k + 1), or, suppressing the multiplication sign, as
s’

k=1
k(k + 1)].

(b) Check that your formula gives the answer 240 when s = 8.
9.2 (a) Can you find values of s, other than s = 8, such that for some integer n

s’
k=1

k(k + 1) = n(n + 1)?

(b) For the values of s that you have found in answer to part (a) is it possible to use the
rectangles of size k ⇥ (k + 1), where k takes all integer values from 1 to s inclusive,
to tile a rectangle of size n ⇥ (n + 1)?

© UKMT November 2017 www.ukmt.org.uk 7
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S����� M����������� C�������� 2017 Solutions and investigations

10. A rectangle is divided into three smaller congruent rectangles
as shown.

Each smaller rectangle is similar to the large rectangle.

In each of the four rectangles, what is the ratio of the length of
a longer side to that of a shorter side?

A 2
p

3 : 1 B 3 : 1 C 2 : 1 D
p

3 : 1 E
p

2 : 1

S������� D

We suppose that the length of the longer sides of the three smaller
rectangles is x and the length of their shorter sides is y.

It follows that the longer sides of the large rectangle have length 3y, and
that its shorter sides have length x.

Because the smaller rectangles are similar to the larger rectangle
x
y
=

3y
x

. Therefore
x2

y2 =
3
1

.

Hence x
y
=

p
3

1
.

It follows that the ratio of the length of a longer side to that of a shorter side in all the rectangles
is
p

3 : 1.

F�� �������������

10.1 The A series of paper sizes, (A0, A1, A2, A3, . . . ), is
defined as follows.

The largest size is A0.

Two A1 sized sheets of paper are obtained by cutting
an A0 sheet in half along a line parallel to its shorter
edges.

Two A2 sized sheets of paper are obtained by cutting an
A1 sheet in half in a similar way, and so on, as shown
in the figure.

The shapes of all these sheets of paper are similar
rectangles.

(a) What is the ratio of the length of a longer side to the length of the shorter side in all
these rectangles?

(b) An A0 sheet of paper has area 1 m2. What are lengths, to the nearest cm, of the
longer and shorter sides of an A0 sheet of paper?

(c) The most commonly used of these sizes is A4. What are the lengths, to the nearest
cm, of the longer and shorter sides of an A4 sheet of paper?

(d) Standard quality paper weighs 80 g/ m2. What is the weight of one standard quality
sheet of A4 paper?

© UKMT November 2017 www.ukmt.org.uk 8
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S����� M����������� C�������� 2017 Solutions and investigations

11. The teenagers Sam and Jo notice the following facts about their ages:

The di�erence between the squares of their ages is four times the sum of their ages.

The sum of their ages is eight times the di�erence between their ages.

What is the age of the older of the two?

A 15 B 16 C 17 D 18 E 19

S������� D

Suppose that the ages of the teenagers are a and b, with a > b.

Because the di�erence between the squares of their ages is four times the sum of their ages

a2 � b2 = 4(a + b).

By factorizing its left hand side, we may rewrite this last equation as

(a � b)(a + b) = 4(a + b)

Because a + b , 0, we may divide both sides of this last equation by a + b to give

a � b = 4. (1)

Because the sum of their ages is eight times their di�erence

a + b = 8(a � b)
Hence, by (1)

a + b = 32. (2)

By adding equations (1) and (2), we obtain

2a = 36
and hence

a = 18.

Therefore the age of the older of the two teenagers is 18.

F�� �������������

11.1 What is the age of the younger teenager in Question 11?

11.2 Suppose that the di�erence between the squares of the ages of two teenagers is six times
the sum of their ages, and the sum of their ages is five times the di�erence of their ages.

What are their ages in this case?

11.3 Suppose that the di�erence between the squares of the ages of the two teenagers is k times
the sum of their ages, and the sum of their ages in n times the di�erence of their ages.

Find a formula in terms of k and n for the ages of the teenagers. Check that your formula
gives the correct answer to Question 11 and Problems 11.1 and 11.2.

© UKMT November 2017 www.ukmt.org.uk 9
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S����� M����������� C�������� 2017 Solutions and investigations

12. The diagram shows a square and a regular decagon that
share an edge. One side of the square is extended to
meet an extended edge of the decagon.

What is the value of x?

A 15 B 18 C 21 D 24 E 27

S������� B

We consider the quadrilateral PQRS as shown in the figure
on the right. Because PQRS is a quadrilateral its angles
have total 360°.

Because it is the exterior angle of a decagon, \RQP =
1
10 ⇥ 360° = 36°.

It follows that the interior angle of a decagon is (180 � 36)° = 144°. Hence the reflex angle SRQ
is (360 � 144)° = 216°. The angle PSR is an angle of the square and hence is 90°.

Therefore, we have
x° + 36° + 216° + 90° = 360°.

It follows that
x° = (360 � 342)° = 18°.

F�� �������������

12.1 We have used here the fact that the exterior angle of a regular polygon with n sides is
1
n
⇥ 360°. Explain why this is true.

12.2 Prove that the sum of the angles of a quadrilateral is 360°.

13. Isobel: “Josh is innocent” Genotan: “Tegan is guilty”

Josh: “Genotan is guilty” Tegan: “Isobel is innocent”

Only the guilty person is lying; all the others are telling the truth.

Who is guilty?

A Isobel B Josh C Genotan D Tegan
E More information required

S������� C

There is only one guilty person, so either Genotan or Josh is lying. If Josh is lying, Genotan is
innocent and is therefore telling the truth. Hence Tegan is guilty, contradicting the fact that there
is just one guilty person. So Josh is not lying. Therefore Genotan is the guilty person.

F�� �������������

13.1 Check that the guilt of Genotan is consistent with all the information given in the question.

© UKMT November 2017 www.ukmt.org.uk 10
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S����� M����������� C�������� 2017 Solutions and investigations

14. In the diagram all the angles marked • are equal in size to the
angle marked x°.

What is the value of x?

A 100 B 105 C 110 D 115 E 120

S������� A

M����� 1

We label the vertices of the figure as shown below.

We place an arrow lying along PX in the direction shown in the first figure on the left above. We
rotate this arrow anticlockwise about the point P until it lies along PQ in the direction shown in
the second figure above. The arrow has been turned anticlockwise through the angle x°.

Next we rotate the arrow anticlockwise about the point Q until it lies along RQ in the direction
shown in the third figure above. As all the angles marked • are x°, the arrow has again been
turned anticlockwise through x°.

We continue this process, rotating the arrow anticlockwise through x° about the points R, S, T ,
U, V , W and X in turn. The arrow ends up lying along XP in the direction shown in the figure
on the right above.

In this figure we have also shown the direction in which the arrow points on all the other edges
during this process, apart from its initial position.

It will be seen that in this process the arrow has been turned through 21
2 complete revolutions.

Therefore the total angle it has turned through is 21
2 ⇥ 360°, that is, through 900°. In the process

the arrow been rotated 9 times through the angle x°.

Therefore 9x = 900 and hence x = 100.

© UKMT November 2017 www.ukmt.org.uk 11
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15. The diagram shows a square PQRS. Points T , U, V and W
lie on the edges of the square, as shown, such that PT = 1,
QU = 2, RV = 3 and SW = 4.

The area of TUVW is half that of PQRS.

What is the length of PQ?

A 5 B 6 C 7 D 8 E 9

S������� B

We let the side length of the square PQRS be x. Then
the lengths of TQ, UR, VS and WP are x�1, x�2, x�3
and x � 4, respectively.

The area of the square PQRS is x2. The area of TUVW
is a half of this. It follows that the sum of the areas of
the triangles PTW , TQU, URV and VSW is also a half
of the area of the square, and hence this sum equals 1

2 x2.

The area of a triangle is half the product of its base and
its height.

We therefore have

1
2 (1 ⇥ (x � 4)) + 1

2 (2 ⇥ (x � 1)) + 1
2 (3 ⇥ (x � 2)) + 1

2 (4 ⇥ (x � 3)) = 1
2 x2.

This equation simplifies to give
10x � 24 = x2,

and therefore
x2 � 10x + 24 = 0.

The left-hand side of the last equation factorizes to give

(x � 4)(x � 6) = 0.

Hence x = 6 or x = 4.

For there to be four triangles, as shown in the diagram, x > 4. We therefore deduce that x = 6.

So the length of PQ is 6.

F�� �������������

15.1 Suppose that, as in the question PT = 1, QU = 2, RV = 3 and SW = 4, but the area of
TUVW is two-thirds of the area of PQRS.

What is the length of PQ in this case?

© UKMT November 2017 www.ukmt.org.uk 13
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16. The diagram shows two right-angled triangles inside a square. The
perpendicular edges of the larger triangle have lengths 15 and 20.

What is the area of the shaded quadrilateral?

A 142 B 146 C 150 D 154 E 158

S������� D

We let the vertices of the square be P, Q, R and S, and the points T and U
be as shown.

We note first that, by Pythagoras’ Theorem, applied to the right-angled
triangle TQR,

RT2 = 152 + 202 = 225 + 400 = 625 = 252.

It follows that RT = 25.

Because SR is parallel to PQ, the alternate angles, \SRU and \QTU are equal. Therefore, the
right-angled triangles SUR and RQT are similar. Therefore their corresponding sides are in
proportion. Hence

SR
RT
=

SU
RQ
=

RU
TQ
.

Now SR = RQ = 20. Hence
20
25
=

SU
20
=

RU
15
.

It follows that SU = 16 and RU = 12.

The area of the shaded quadrilateral is the area of the square PQRS less the areas of the triangles
SUR and RQT . It follows that the area of the shaded quadrilateral is

202 � 1
2 (16 ⇥ 12) � 1

2 (20 ⇥ 15) = 400 � 96 � 150 = 154.

N���

Another way to find the length of RT is to note that the lengths of TQ and QR are in the ratio
3 : 4, and that therefore the right-angled triangle TQR is a (3, 4, 5) triangle scaled by the factor 5.
Hence the length of RT is 5 ⇥ 5 = 25.

Then, because the triangle RUS is similar to triangle TQR and has a hypotenuse of length 20, it
follows that RUS is a (3, 4, 5) triangle scaled by the factor 4. Hence RU has length 4 ⇥ 3 = 12
and SU has length 4 ⇥ 4 = 16.

F�� �������������

16.1 Calculate the area of the triangle SPT and the area of the triangle
TUS.

Check that the sum of these areas is 154.

© UKMT November 2017 www.ukmt.org.uk 14
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17. Amy, Beth and Claire each has some sweets. Amy gives one third of her sweets to Beth.
Beth gives one third of all the sweets she now has to Claire. Then Claire gives one third
of all the sweets she now has to Amy. All the girls end up having the same number of
sweets.

Claire begins with 40 sweets.

How many sweets does Beth have originally?

A 20 B 30 C 40 D 50 E 60

S������� D

We work backwards from the final situation when Amy, Beth and Claire end up with the same
number of sweets. We let s be the number of sweets they all end up with.

Claire ends up with s sweets. Therefore, before she gave one third of her sweets to Amy, Claire
had t sweets, where 2

3 t = s. This gives t = 3
2 s. We deduce that, before giving one-third of her

sweets to Amy, Claire has 3
2 s sweets and gives one third of these, namely 1

2 s sweets, to Amy.
Hence, before she received these sweets, Amy had 1

2 s sweets.

Similarly, Beth ends up with s sweets after she has given one third of her sweets to Claire. Hence,
before this she had 3

2 s sweets. As Claire has 3
2 s sweets after receiving 1

2 s from Beth, she had s
sweets before this.

It follows that after Amy has given one third of her sweets to Beth, Amy has 1
2 s sweets, Beth has

3
2 s sweets, and Claire has s sweets.

Therefore, before Amy gives one third of her sweets to Beth, Amy has 3
4 s sweets. She gives 1

4 s
sweets to Beth. Hence, before receiving these, Beth had 3

2 s � 1
4 s = 5

4 s sweets.

We can sum this up by the following table.

Stage Amy Beth Claire

Final distribution of sweets, after Claire
gives one third of her sweets (1

2 s sweets) to Amy. s s s
Distribution of sweets after Beth gives
one third of her sweets (1

2 s sweets) to Claire. 1
2 s s 3

2 s
Distribution of sweets after Amy gives
one third her sweets (1

4 s sweets) to Beth. 1
2 s 3

2 s s

Initial distribution of sweets. 3
4 s 5

4 s s

We are told that Claire begins with 40 sweets. Therefore s = 40. So Beth begins with 5
4 (40) = 50

sweets.

F�� �������������

17.1 An alternative method is to suppose that, say, Amy begins with a sweets and Beth with b
sweets, and then to work out how many sweets they all end up with. Use this method to
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answer Question 17. [Actually, to avoid fractions, it is better to assume Amy and Beth
begin with 27a and 9b sweets, respectively.]

18. The arithmetic mean, A, of any two positive numbers x and y is defined to be A = 1
2 (x+ y)

and their geometric mean, G, is defined to be G =
p

xy.

For two particular values x and y, with x > y, the ratio A : G = 5 : 4.

For these values of x and y, what is the ratio x : y?

A 5 : 4 B 2 : 1 C 5 : 2 D 7 : 2 E 4 : 1

S������� E

We are told that
1
2 (x + y)
p

xy
=

5
4
.

Therefore
2(x + y) = 5pxy.

By squaring both sides of this equation we deduce that

4(x + y)2 = 25xy.

By expanding the left-hand side of this last equation, we have

4(x2 + 2xy + y2) = 25xy,

or, equivalently,
4x2 + 8xy + 4y2 = 25xy.

Hence
4x2 � 17xy + 4y2 = 0.

The left-hand of this last equation factorizes to give

(4x � y)(x � 4y) = 0.

Hence
4x = y or x = 4y.

It follows that, because x > y,
x = 4y.

Hence
x : y = 4 : 1.

F�� �������������

18.1 Suppose that x and y are positive integers, with x > y and A : G = 5 : 3.

What is the ratio x : y in this case?

18.2 Do there exist positive integers x and y such that A < G, that is, such that 1
2 (x+ y) <

p
xy?
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19. The diagram shows a circle of radius 1 touching three sides
of a 2 ⇥ 4 rectangle. A diagonal of the rectangle intersects
the circle at P and Q, as shown.

What is the length of the chord PQ?

A
p

5 B 4
p

5
C

p
5 � 2

p
5

D 5
p

5
6

E 2

S������� B

We let the the vertices of the rectangle be K , L, M , and N as shown
in the figure. We let O be the centre of the circle, and R be the
point where the perpendicular from O to the chord PQ meets the
chord.

We note first that, by Pythagoras’ Theorem applied to the right-
angled triangle KLM , K M2 = KL2 + LM2 = 42 + 22 = 20.

Therefore K M =
p

20 = 2
p

5.

The radius OQ is parallel to KL. (You are asked to show this in Problem 19.1.) Therefore the
alternate angles \OQR and\MKL are equal. It follows that the right-angled triangles OQR and
MKL are similar. In particular,

RQ
OQ
=

KL
K M
.

It follows that
RQ =

KL
K M

⇥ OQ =
4

2
p

5
⇥ 1 =

2
p

5
.

The right-angled triangles ORQ and ORP are congruent as they share the side OR, and their
hypotenuses OQ and OP are equal because they are radii of the same circle. It follows that
PR = RQ =

2
p

5
. We therefore conclude that

PQ = PR + RQ =
2
p

5
+

2
p

5
=

4
p

5
.

F�� �������������

19.1 Explain why OQ is parallel to KL.

19.2 Let T be the point where the circle touches the edge KL.

Question 19 may also be solved by making use of the
theorem (see Problem 19.3) which tells us that KT2 =
KP ⇥ KQ.

Show how this equation may be used to find the length of
the chord PQ.

© UKMT November 2017 www.ukmt.org.uk 17

Hanul Cha

Hanul Cha

Hanul Cha



S����� M����������� C�������� 2017 Solutions and investigations

19.3 The theorem referred to in Problem 19.2 is the theorem
which says that

If a chord AB of a circle and the tangent at the point T
meet at a point X outside the circle, then

AX ⇥ BX = T X2.

Find a proof of this theorem.

You could find a proof for yourself, ask your teacher or look for a proof in a book or on
the web.

You will find a discussion of this theorem on page 97 of the geometry book Crossing the
Bridge by Gerry Leversha, published by UKMT.

(Go to: http://shop.ukmt.org.uk/ukmt-books/)

20. The diagram shows a square PQRS with edges of length
1, and four arcs, each of which is a quarter of a circle.
Arc T RU has centre P; arc VPW has centre R; arc UV
has centre S; and arc WT has centre Q.

What is the length of the perimeter of the shaded region?

A 6 B (2
p

2 � 1)⇡ C (
p

2 � 1
2 )⇡

D 2⇡ E (3
p

2 � 2)⇡

S������� B

The square PQRS has side length 1, and hence its diagonal PR has length
p

2. So the arc T RU
with centre P has radius

p
2. The arc is a quarter of a circle. Hence its length is 1

4 ⇥ 2⇡
p

2, that is
1
2
p

2⇡.

Similarly, the length of the arc VPW is 1
2
p

2⇡.

The radius of the arc UV is equal to the length of SU. Because PU has length
p

2 and PS has
length 1, the length of SU is

p
2� 1. The arc UV is one quarter of a circle with this radius. Hence

the length of this arc is 1
4 ⇥ 2⇡(

p
2 � 1), that is 1

2 (
p

2 � 1)⇡.

Similarly, the arc WT has length 1
2 (
p

2 � 1)⇡.

Therefore the total length of the perimeter of the shaded region is given by

1
2
p

2⇡ + 1
2
p

2⇡ + 1
2 (
p

2 � 1)⇡ + 1
2 (
p

2 � 1)⇡ = (2
p

2 � 1)⇡.

F�� �������������

20.1 What is the area of the shaded region?
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21. How many pairs (x, y) of positive integers satisfy the equation 4x = y2 + 15?

A 0 B 1 C 2 D 4
E an infinite number

S������� C

The equation 4x = y2 + 15 may be rearranged as 4x � y2 = 15. Now 4x = (22)x = (2x)2. Hence
4x � y2 may be factorized, using the standard factorization of the di�erence of two squares. This
enables us to rewrite the equation as

(2x � y)(2x + y) = 15.

It follows that, for (x, y) to be a pair of positive integers that are solutions of the original equation,
2x � y and 2x + y must be positive integers whose product is 15, and with 2x � y < 2x + y.

The only possibilities are therefore that either

2x � y = 1 and 2x + y = 15,

or
2x � y = 3 and 2x + y = 5.

In the first case 2x = 8 and y = 7, giving x = 3 and y = 7.

In the second case 2x = 4 and y = 1, giving x = 2 and y = 1.

Therefore there are just two pairs of positive integers that satisfy the equation 4x = y2 + 15,
namely, (3, 7) and (2, 1).

F�� �������������

21.1 (a) Check that if 2x � y = 1 and 2x + y = 15, then 2x = 8 and y = 7.

(b) Check that if 2x � y = 3 and 2x + y = 5, then 2x = 4 and y = 1.

21.2 How many pairs of positive integers (x, y) are there which satisfy the equation 4x = y2+31?

21.3 How many pairs of positive integers (x, y) are there which satisfy the equation 4x = y2+55?

21.4 How many pairs of positive integers (x, y) are there which satisfy the equation 4x = y2+35?

21.5 What can you say in general about those integers k for which there is at least one pair of
positive integers (x, y) which satisfy the equation 4x = y2 + k?
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22. The diagram shows a regular octagon and a square
formed by drawing four diagonals of the octagon. The
edges of the square have length 1.

What is the area of the octagon?

A
p

6
2

B
4
3

C
7
5

D
p

2

E
3
2

S������� D

Let O be the centre of the regular octagon, and let P, Q and R
be adjacent vertices of the octagon as shown in the figure on
the right. Let K be the point where OQ meets PR.

Let x be distance of O from the vertices of the octagon.

Since the edges of the square have length 1, PR = 1. By
Pythagoras’ Theorem applied to the right-angled triangle PRO,
we have x2 + x2 = 12. Therefore x2 = 1

2 and hence x = 1p
2
.

The triangle ROQ has a base OQ of length x, that is 1p
2
, and height RK of length 1

2 . Therefore
the area of the triangle ROQ is 1

2 ⇥ 1p
2
⇥ 1

2 , which equals 1
4
p

2
.

The octagon is made up of 8 triangles each congruent to triangle ROQ.

Therefore the area of the octagon is given by 8 ⇥ 1
4
p

2
=
p

2.

F�� �������������

22.1 The solution above assumes that \POR = 90°, \RKO = 90° and RK = 1
2 . Explain why

these statements are true.

22.2 An alternative method for finding the area of the triangle ROQ is to use the “1
2ab sin C” formula

for the area of a triangle. Show how this also gives 1
4
p

2
for the area of triangle ROQ.

22.3 (a) Show how the formula 1
2ab sin C for the area of a triangle

which has sides of lengths a and b, with included angle C,
may be deduced from the fact that the area of a triangle is
given by the formula

area = 1
2 (base ⇥ height).

(b) Does your argument cover the case where C is an obtuse
angle as well as the case where it is an acute angle?
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23. The parabola with equation y = x2 is reflected in the line with equation y = x + 2.

Which of the following is the equation of the reflected parabola?

A x = y2 + 4y + 2 B x = y2 + 4y � 2 C x = y2 � 4y + 2
D x = y2 � 4y � 2 E x = y2 + 2

S������� C

M����� 1

The parabola with equation y = x2 meets
the line with equation y = x + 2 where
x2 = x + 2. This last equation may be
rearranged as x2 � x � 2 = 0 and then
factorized as (x + 1)(x � 2) = 0. So its
solutions are �1 and 2. For x = �1, we
have y = 1 and for x = 2 we have y = 4.
Therefore the parabola meets the line at
the points with coordinates (�1, 1) and
(2, 4) as shown in the figure on the right.

These two points remain where they
are when they are reflected in the line.
Therefore the reflected parabola also goes
through these two points.

We can now test each equation given as an option to see if it is the equation of a curve which
goes through the points (�1, 1) and (2, 4).

For example, because �1 , 12 + 4 ⇥ 1 + 2 the coordinates of the point (�1, 1) do not satisfy the
equation x = y2 + 4y + 2. It follows that x = y2 + 4y + 2 is not the equation of a curve which
goes through (�1, 1). Therefore it is not the equation of the reflected parabola.

Because �1 = 12 � 4 ⇥ 1 + 2 and 2 = 42 � 4 ⇥ 4 + 2, it follows that both the points (�1, 1) and
(2, 4) lie on the curve with the equation x = y2 � 4y + 2. It can be checked that these points do
not lie on the curves given by any of the other equations.

Therefore, in the context of the SMC, we can conclude that the equation of the reflected parabola
is x = y2 � 4y + 2.

If we were not given the equations in the options we would need to calculate the equation of the
reflected parabola. We adopt this approach in the second method.
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24. There is a set of straight lines in the plane such that each line intersects exactly ten others.

Which of the following could not be the number of lines in that set?

A 11 B 12 C 15 D 16 E 20

S������� D

It is convenient in this question to regard a line as being parallel to itself.

Suppose that there are l lines in the given set. Each line intersects all the lines in the set except
those that are parallel to it. Therefore, as each line in the given set intersects 10 lines, each line in
the set is parallel to l � 10 lines. We let k = l � 10.

Then l = nk, for some positive integer n. The nk lines in the set form n subsets each containing
k parallel lines, and such that lines in di�erent subsets are not parallel.

Each line intersects all but k of these nk lines. So each line intersects nk � k, that is, (n � 1)k
lines.

We are given that (n � 1)k = 10. Therefore n � 1 and k are positive integers whose product is
10. All the possible combinations of values of n � 1 and k with product 10 are shown in the
table below. The third and fourth columns give the corresponding values of n and nk, the latter
number being the total number of lines in the set.

n � 1 k n nk

1 10 2 20
2 5 3 15
5 2 6 12
10 1 11 11

We see from this table that the only possibilities for the number of lines in a set of lines in which
each line intersects 10 other lines are 11, 12, 15 and 20. In particular, 16 could not be the number
of lines in the set.

F�� �������������

24.1 Consider a set of lines in the plane such that each line intersects exactly 30 others. List the
possibilities for the number of lines in this set.

24.2 Consider a set of lines in the plane such that each line intersects m others. What is the
smallest possible number of lines in the set?

24.3 Consider a set of lines in the plane such that each line intersects m others. Show that the
number of di�erent possibilities for the number of lines in the set is equal to the number
of di�erent factors of m.

24.4 Consider a set of lines in the plane such that each line intersects 323 others. What is the
largest possible number of lines in the set? [Note that 323 = 17 ⇥ 19].

24.5 Consider a set of lines in the plane such that each line intersects 360 others. What is the
largest possible number of lines in the set?

24.6 Find a general method, in terms of m, for calculating the maximum possible number of
lines in a set which is such that each line intersects m others.

© UKMT November 2017 www.ukmt.org.uk 23

Hanul Cha

Hanul Cha



S����� M����������� C�������� 2017 Solutions and investigations

25. The diagram shows a regular nonagon N . Moving clock-
wise around N , at each vertex a line segment is drawn
perpendicular to the preceding edge. This produces a
smaller nonagon S, shown shaded.

What fraction of the area of N is the area of S?

A
1 � cos 40°
1 + cos 40°

B
cos 40°

1 + cos 40°
C

sin 40°
1 + sin 40°

D
1 � sin 40°
1 + sin 40°

E
1
9

S������� A

We let the side length of the larger regular nonagon N be x and the side length of the smaller
regular nonagon S be y. Because S and N are similar figures, their areas are in the ratio y2 : x2.

Therefore the required fraction, giving the area of S in terms of the area of N , is
y2

x2 .

The area between the nonagons is divided into nine triangles.
Two of these adjacent triangles JKL and PLM are shown in
the figure on the right.

The triangles JKL and PLM have right angles at K and L,
respectively. The sides KL and LM each have length x as
they are sides of the regular nonagon N . The angles at J and
P in these triangles are exterior angles of S and therefore
they are each 1

9 ⇥ 360°, that is, 40°.

In the right-angled triangles JKL and PLM the angles are equal and KL = LM . Therefore the
triangles are congruent. Hence JK = PL. We let h be the common length of JK and PL.

In the right-angled triangle JKL, the hypotenuse JL has length y + h. Therefore, applying
Pythagoras’ Theorem to this triangle, we have x2 + h2 = (y + h)2. On expansion, this gives

x2 + h2 = y2 + 2yh + h2, and hence x2 = y2 + 2hy. It follows that
x2

y2 =
y + 2h

y
and hence

y2

x2 =
y

y + 2h
. (1)

From the triangle JKL we have
h

y + h
= cos 40°. Hence y + h =

h
cos 40°

and therefore

y =
h

cos 40°
� h and y + 2h =

h
cos 40°

+ h. (2)

Substituting from (2) into the right-hand side of equation (1), we may now deduce that the area
of S, as a fraction of the area of N , is

y2

x2 =

h
cos 40°

� h

h
cos 40°

+ h
=

h � h cos 40°
h + h cos 40°

=
1 � cos 40°
1 + cos 40°

.
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1. How many times does the digit 9 appear in the answer to 987 654 321 ⇥ 9?

A 0 B 1 C 5 D 8 E 9

S������� B
There seems no better method here than just doing the multiplication.

9 ⇥ 987 654 321 = 8 888 888 889.

So the number of times that the digit 9 occurs in the answer is 1.

2. On a Monday, all prices in Isla’s shop are 10 % more than normal. On Friday all prices
in Isla’s shop are 10 % less than normal. James bought a book on Monday for £5.50.
What would be the price of another copy of this book on Friday?

A £5.50 B £5.00 C £4.95 D £4.50 E £4.40

S������� D
The book cost £5.50 on a Monday after prices have risen by 10 %. Therefore the price before this
increase was £5. It follows that on a Friday, after prices have been cut by 10 %, the price of the
book has fallen by 50p to £4.50.

3. The diagram shows a circle with radius 1 that rolls without
slipping around the inside of a square with sides of length 5.

The circle rolls once around the square, returning to its starting
point.

What distance does the centre of the circle travel?

A 16 � 2⇡ B 12 C 6 + ⇡ D 20 � 2⇡
E 20

S������� B
As the circle rolls, its centre is always at a distance 1 from the square.
Therefore, as shown in the diagram, the centre traces out a square
whose side length is 2 less than the side length of the square. It
follows that the centre travels a distance equal to the length of the
perimeter of a square with side length 3.

We deduce that the distance that the centre travels is 12.

5

3
11

F�� �������������

3.1 How far would the centre of the circle travel if it rolls once without slipping around the
inside of an equilateral triangle with sides of length 5? What if it rolls outside the triangle?
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4. Alex draws a scalene triangle. One of the angles is 80°.

Which of the following could be the di�erence between the other two angles in Alex’s
triangle?

A 0° B 60° C 80° D 100° E 120°

S������� C
All the side lengths of a scalene triangle are di�erent, therefore all the angles are di�erent.

It follows that the di�erence between two of the angles cannot be 0°. This rules out option A.

The sum of the angles in a triangle is 180°. Therefore, as one of the angles in Alex’s triangle is
80°, the sum of the other two angles is 100°. It follows that the di�erence between these angles is
less than 100°. This rules out options D and E.

If the two angles with sum 100° have a di�erence of 60°, these angles would be 80° and 20°. So
the triangle would have two angles of 80°, which is impossible for a scalene triangle. This rules
out option B.

Therefore the correct option is C, since it is the only one we have not eliminated.

N���

In the context of the SMC it is adequate to stop here. Once four of the options have been
eliminated, the remaining option must be correct.

However, for a full solution you would need to show that it is possible for the di�erence between
the other two angles to be 80°. You are asked to do this in Exercise 4.1, below.

F�� �������������

4.1 What are the angles of a scalene triangle in which one angle is 80° and the di�erence
between the other two angles is 80°?

4.2 Show that, as stated in the solution, if two angles have sum 100° and di�erence 60°, then
the two angles are 80° and 20°.

4.3 The argument used in the solution above is based on the fact that

In a scalene triangle (that is, a triangle where all the side lengths are di�erent)
all the angles are di�erent.

Prove that this is correct.
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5. All the digits 2, 3, 4, 5 and 6 are placed in the grid, one in each
cell, to form two three-digit numbers that are squares.

Which digit is placed in the centre of the grid?

A 2 B 3 C 4 D 5 E 6

S������� A
The three-digit squares use just the digits 2, 3, 4, 5 and 6. The smallest square which uses these
digits is 152 = 225 and the largest is 252 = 625. However, the squares that go in the grid cannot
repeat digits. Therefore the only squares that we need consider are the three-digit squares that
use three of digits 2, 3, 4, 5 and 6, once each. It may be checked (see Exercise 5.1, below) that
there are just three squares which meet these conditions. They are 162 = 256, 182 = 324 and
252 = 625.

The digit 2 occurs twice as the tens digit of these three squares. Therefore, the digit that goes in
the central square of the grid is 2.

In the context of the SMC we could stop here. However, for a complete solution
you would need to add that, as the squares 324 and 625 use each of the digits 3,
4, 5 and 6 just once, it is possible to place the digits in the grid so as to make
these squares. The diagram shows one way to do this.

6 2 5
4

3

F�� �������������

5.1 Check that 162, 182 and 252 are the only three-digit squares using just digits from the list
2, 3, 4, 5, 6, without any repeats.

5.2 Arrange the digits 2, 4, 7, 8, 9 in the grid given in the question so as to form two three-digit
squares.

5.3 Arrange the digits 1, 2, 3, 4, 5 in the grid given in the question so as to form one three-digit
square and one three-digit cube.

5.4 Which three digits may be used to make three di�erent three-digit squares?

5.5 List all the three-digit squares. Which digits occurs least often and most often in this list?
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6. The diagram shows a square ABCD and a right-angled triangle
ABE. The length of BC is 3. The length of BE is 4.

What is the area of the shaded region?

A 51
4 B 53

8 C 51
2 D 55

8 E 53
4

A

B C

D

E

S������� D
We let F be the point where the lines AE and CD meet.

Because ABCD is a square, \BCF = 90°. It follows, because angles
on a line have sum 180°, that \FCE = 90°.

Hence, in the triangles ABE and FCE we have \ABE = \FCE = 90°.
Also, we see that \BE A = \CEF. It follows that these triangles are
similar.

A

B C

D

E

F

Therefore
FC
AB
=

CE
BE
. (1)

Because ABCD is a square AB = BC = 3. We also have BE = 4. Therefore CE = BE � BC =
4 � 3 = 1.

It follows from equation (1) that
FC
3
=

1
4
.

Hence FC = 3
4 .

The shaded region ABCF is a trapezium. The area of a trapezium is given by the formula
1
2 h(a + b), where a and b are the lengths of the parallel sides, and h is the distance between these
sides. It follows that the area of the trapezium ABCF is given by

1
2 BC(AB + FC) = 1

2 (3 ⇥ (3 + 3
4 )) = 1

2 (3 ⇥ 15
4 ) = 45

8 = 55
8 .

F�� �������������

6.1 The solution above uses the formula 1
2 h(a + b) for the area of a trapezium. Show that this

formula is correct.

6.2 Suppose that BE has length 5. What is the area of the trapezium ABCF in this case?

6.3 Suppose that BE has length x, where x > 3. Find a formula for the area of the trapezium
ABCF in terms of x. What happens to this area as x gets larger and larger?
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7. Which of these has the smallest value?

A 2016�1 B 2016�1/2 C 20160 D 20161/2 E 20161

S������� A

M����� 1

We have 2016�1 =
1

2016
and 2016�1/2 =

1p
2016

. Now, as 1 <
p

2016 < 2016, it follows that

1
2016

<
1p

2016
< 1, and hence 2016�1 < 2016�1/2 < 1.

On the other hand, 20160 is equal to 1, and both 20161/2 =
p

2016 and 20161 = 2016 are greater
than 1.

It follows that, of the given options, 2016�1 has the smallest value.

M����� 2

The function 2016x may be defined by the equation

2016x = ex ln 2016,

where ex is the exponential function [see the note below] and ln 2016 is the natural logarithm of
2016. (The value of ln 2016 is 7.6089 to 4 decimal places.)

The exponential function is an increasing function in the sense that if x < x0, then ex < ex0. It
follows that 2016x is also an increasing function, because if x < x0, then x ln 2016 < x0 ln 2016
and hence ex ln 2016 < ex0 ln 2016.

Therefore, as �1 < �1
2 < 0 < 1

2 < 1, we have 2016�1 < 2016�1/2 < 20160 < 20161/2 < 20161.

Hence, of the given options, 2016�1 is the smallest.

N���

The definition of ex for a general real number x is quite complicated.

One way to define it is by means of an infinite series, as follows.

ex = 1 + x +
x2

2!
+

x3

3!
+ · · · + xn

n!
+ . . . .

If we adopt the conventions that x0 = 1 and 0! = 1, this may be rewritten as

ex =
x0

0!
+

x1

1!
+

x2

2!
+

x3

3!
+ · · · + xn

n!
+ . . . ,

or, using the sigma notation, as

ex =

1X

n=0

xn

n!
.
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8. Points are drawn on the sides of a square, dividing each side
into n equal parts (so, in the example shown, n = 4). The
points are joined in the manner indicated, to form several small
squares (24 in the example, shown shaded) and some triangles.

How many small squares are formed when n = 7?

A 56 B 84 C 140 D 840
E 5040

S������� B

The main diagonals of the square shown in the question divide the
square into four quarters each of which contains 1+2+3 small squares.
So the number of small squares when n = 4 is 4⇥(1+2+3) = 4⇥6 = 24,
as the question says.

It can be seen from the diagram on the right that, similarly, when n = 7
the number of small squares is given by 4 ⇥ (1 + 2 + 3 + 4 + 5 + 6) =
4 ⇥ 21 = 84.

F�� �������������

8.1 What fraction of the area of the big square is covered by the small squares in the case
when n = 4?

8.2 What fraction of the area of the big square is covered by the small squares in the case
when n = 7?

8.3 Find a formula, in terms of n, for the number of small squares.

8.4 Find a formula, in terms of n, for the fraction of the area of the square that is covered by
the small squares. What happens to this fraction as n gets larger and larger?
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9. A square has vertices at (0,0), (1,0), (1,1) and (0,1). Graphs of the following equations
are drawn on the same set of axes as the square.

x2 + y2 = 1, y = x + 1, y = �x2 + 1, y = x, y =
1
x

How many of the graphs pass through exactly two of the vertices of the square?

A 1 B 2 C 3 D 4 E 5

S������� C

M����� 1

One method is to draw the graphs.

The graph of the equation x2+ y2 = 1 is the circle with centre (0, 0) and radius 1. [By Pythagoras’
Theorem, the distance, d of the point with coordinates(x, y) from the point (0, 0) is given by the
equation x2 + y2 = d2. Therefore the equation x2 + y2 = 1 is satisfied by those points whose
distance from the origin, (0, 0) is 1. These are the points on the circle with centre (0, 0) and
radius 1, as shown in the diagram below.]

The graph of y = x + 1 is the straight line with slope 1 that meets the y-axis at the point (0, 1).

The graph of y = �x2 + 1 is a \-shaped parabola which is symmetrical about the y-axis and
goes through the point (0, 1).

The graph of y = x is the straight line with gradient 1 which goes through the point (0, 0).

The graph of y =
1
x

is a rectangular hyperbola with the x-axis and y-axis as its asymptotes. In
the diagram below we have just shown part of one arm of this hyperbola.

These graphs are shown in the diagram below.

x

y

x2 + y2 = 1 x

y

y = x + 1

x

y

y = �x2 + 1

x

y

y = x

x

y

y =
1
x

From these graphs we see that the graphs of x2 + y2 = 1, y = �x2 + 1 and y = x pass through
two vertices of the square, whereas each of the other graphs passes through just one vertex of the
square.

Hence the number of graphs that pass through exactly two vertices of the square is 3.

N���

The solution above assumes that we have drawn the graphs correctly. For a more rigorous method,
see the solution below.
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10. The digits from 1 to 9 are to be written in the nine cells of the
3 ⇥ 3 grid shown, one digit in each cell.

The product of the three digits in the first row is 12.

The product of the three digits in the second row is 112.

The product of the three digits in the first column is 216.

The product of the three digits in the second column is 12.

112

12

216 12

What is the product of the digits in the shaded cells?

A 24 B 30 C 36 D 48 E 140

S������� B
We note first that 112 is divisible by 7, but neither 216 nor 12 is divisible by 7. Therefore, the
digit 7 is in the second row but not in the first or second columns. Hence the digit 7 is written in
the cell in the second row and third column.

Because 112 = 7 ⇥ 16, the product of the other two digits in the second
row is 16. Since the digits have to be di�erent, these digits are 2 and 8
in some order. Because 8 is not a factor of 12, the digit 8 cannot be in
the second column. Therefore 8 is written in the cell in the second row
and first column, and 2 is written in the cell in the second row and second
column.

Therefore we know that the second row is as shown in the diagram.

112

12

216 12

8 2 7

Because 216 = 8 ⇥ 27, the product of the other two digits in the first column is 27. Hence these
digits are 3 and 9. Because 9 is not a factor of 12, the digit 9 cannot be in the first row. Hence 9
is in the first column and third row, and 3 is in the first column and first row.

The product of the three digits in the second column is 12. One of these digits is 2. Hence, the
product of the other two digits in the second column is 6. As 2 and 3 are already in the grid,
these digits are 1 and 6.

The digit 6 cannot be in the first row, as otherwise the product of the digits
in the first row would not be 12. It follows that the digit 1 is in the first
row and second column, and 6 is in the third row and second column. The
digit in the first row and third column is therefore 4. The remaining digit
5 is in the third row and third column.

Therefore the digits are written as shown in the diagram. The digits in the
shaded squares are 3, 2 and 5. The product of these digits is 30.

112

12

216 12
9 6 5

8 2 7

3 1 4

F�� �������������

10.1 In the above argument, we showed that the digit in the third row and third column is 5
because it was the only digit we had not yet placed. However, it is possible to see that the
digit 5 is in this cell before working out where any of the other digits go. Explain how.

10.2 Invent more puzzles of a similar kind to that in this question.
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11. In the grid below each of the blank squares and the square marked X are to be filled by
the mean of the two numbers in its adjacent squares.

Which number should go in the square marked X?

10 X 25

A 15 B 16 C 17 D 18 E 19

S������� E

We note first that if b is the mean of the numbers a and c, then b = 1
2 (a + c). Hence 2b = a + c

and therefore b � a = c � b. In other words, the numbers a, b, c form an arithmetic sequence.
That is, their di�erences are equal.

We deduce that, because each number in the grid, other than 10 and 25, is the mean of the
two adjacent numbers, the six numbers in the grid form an arithmetic sequence. Suppose
that their common di�erence is d. Then the numbers in the grid will form the sequence
10, 10 + d, 10 + 2d, 10 + 3d, 10 + 4d, 10 + 5d.

It follows that 10 + 5d = 25. Hence d = 3.

The number which is in the square marked X is 10 + 3d. Because d = 3, this number is 19.

12. Which is the smallest square that has 2016 as a factor?

A 422 B 842 C 1682 D 3362 E 20162

S������� C
An integer is a square if, and only if, the exponent of each prime in its prime factorization is even.

The prime factorization of 2016 is 25 ⇥ 32 ⇥ 7.

If 2016 is a factor of a square, then the exponents of the primes 2, 3 and 7 in the factorization of
the square must be no smaller than their exponents in 2016.

Hence the smallest square of which 2016 is a factor has the prime factorization 2a ⇥ 3b ⇥ 7c,
where a, b are c are the smallest even integers which are greater than or equal to 5, 2 and 1,
respectively. Therefore a = 6, b = 2 and c = 2. Hence, the smallest square is of which 2016 is a
factor is 26 ⇥ 32 ⇥ 72.

Now
26 ⇥ 32 ⇥ 72 = (23 ⇥ 31 ⇥ 71)2 = (8 ⇥ 3 ⇥ 7)2 = 1682.

Therefore the smallest square of which 2016 is a factor is 1682.

F�� �������������

12.1 Check that the prime factorization of 2016 is 25 ⇥ 32 ⇥ 7, as given above.

12.2 Explain why an integer is a square if, and only if, the exponent of each prime in its prime
factorization is even.

12.3 Which is the smallest cube that has 2016 as a factor?
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13. Five square tiles are put together side by side. A quarter
circle is drawn on each tile to make a continuous curve as
shown. Each of the smallest squares has side-length 1.

What is the total length of the curve?

A 6⇡ B 6.5⇡ C 7⇡ D 7.5⇡
E 8⇡

S������� A
The side lengths of the 5 squares are 1, 1, 2, 3 and 5. So the curve is made up of five quarter
circles with these radii. The circumference of a circle with radius r is 2⇡r . Therefore the length
of a quarter circle of radius r is 1

4 (2⇡r), that is, 1
2⇡r .

Therefore the length of the curve is l, where

l = 1
2⇡1 +

1
2⇡1 +

1
2⇡2 +

1
2⇡3 +

1
2⇡5 =

1
2⇡(1 + 1 + 2 + 3 + 5) = 6⇡.

14. Which of the following values of the positive integer n is a counterexample to the
statement: “If n is not prime then n � 2 is not prime”?

A 6 B 11 C 27 D 33 E 51

S������� D
A counterexample to the statement “If n is not prime then n � 2 is not prime” is a positive integer
n for which this implication is false. An implication of the form “If P then Q” is false if P is
true, but Q is false.

Therefore a counterexample to the statement is a positive integer n for which it is true that n is
not prime, but false that n � 2 is not prime. In other words, a counterexample is a positive integer
n such that n is not prime but n � 2 is prime.

Since 11 is prime, option B does not provide the required counterexample.

The options 6, 27, 33 and 51 are not primes. However 6� 2 = 4, 27� 2 = 25 and 51� 2 = 49 are
also not primes. Therefore none of the options A, C and E provides the required counterexample.

This leaves n = 33. We see that 33 is not prime, but 33 � 2 = 31, is prime. Therefore 33 is a
counterexample. Hence the correct option is D.

F�� �������������

14.1 Which is the smallest positive integer which provides a counterexample to the statement
in the question?

14.2 Find the smallest integer which is greater than 33 and is a counterexample to the statement
in the question.

14.3 Are there infinitely many positive integers n that are counterexamples to the statement in
the question?
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15. The diagram shows three rectangles and three straight
lines.

What is the value of p + q + r?

A 135 B 180 C 210 D 225
E 270

65°

p°
55°

q°

60°

r°

S������� B
Let P, Q and R be the points shown in the diagram
where the rectangles touch the straight lines. Let
the straight lines when extended meet the rectan-
gles at the points S, T and U, as shown.

Then PSQT RU is a hexagon. The external angles
of this hexagon at the vertices P, Q and R are p°,
q°, and r°, respectively, as given. Let the external
angles at S, T and U be s°, t° and u°, as shown.

The external angles of a hexagon have sum 360°.
Therefore p + q + r + s + t + u = 360.

The opposite sides of a rectangle are parallel. When
lines are parallel the corresponding angles are
equal. Therefore s = 55, t = 60 and u = 65.
Hence s + t + u = 55 + 60 + 65 = 180.

s°

t°

u°

P

S
Q

T

R U

65°

p°

55°
q°

60°

r°

It follows that p + q + r = (p + q + r + s + t + u) � (s + t + u) = 360 � 180 = 180.

F�� �������������

15.1 Explain why the sum of the external angles of a hexagon, and, indeed, of any polygon, is
360°.

16. For which value of k is
p

2016 +
p

56 equal to 14k?

A 1
2 B 3

4 C 5
4 D 3

2 E 5
2

S������� D

We have already seen (in the solution to question 12) that 2016 = 25 ⇥ 32 ⇥ 7. It follows that
2016 = (24 ⇥ 32) ⇥ 2 ⇥ 7 = (22 ⇥ 3)2 ⇥ 2 ⇥ 7 = 122 ⇥ 14. Therefore

p
2016 = 12

p
14.

Also,
p

56 =
p

22 ⇥ 14 = 2
p

14. Hence
p

2016 +
p

56 = 12
p

14 + 2
p

14 = 14
p

14.

Now, 14
p

14 = 141 ⇥ 141/2 = 141+1/2 = 143/2. Therefore k = 3
2 .
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17. Aaron has to choose a three-digit code for his bike lock. The digits can be chosen from 1
to 9. To help him remember them, Aaron chooses three di�erent digits in increasing
order, for example 278.

How many such codes can be chosen?

A 779 B 504 C 168 D 84 E 9

S������� D

M����� 1

We count the number of ways in which Aaron can choose three digits in increasing order.

We first consider the case when the first digit Aaron chooses is 1.

If the second digit he chooses is 2, he has 7 remaining choices for the third digit, namely any
of the digits from 3 to 9, inclusive. If the second digit Aaron chooses is 3, he has 6 remaining
choices for the third digit, namely any of the digits from 4 to 9, inclusive, and so on. Finally, we
see that if the second digit Aaron chooses is 8, he has just one choice, 9, for the third digit. He
cannot choose 9 as the second digit, as that would leave no choice for the third digit.

Therefore, the number of di�erent codes with first digit 1 that Aaron can choose is 7 + 6 + 5 +
4 + 3 + 2 + 1, that is, 28.

Similarly, the number of di�erent codes with first digit 2, that Aaron can choose is 6+5+4+3+2+1,
that is, 21.

And so on, until finally, if the first digit Aaron chooses is 7, he has just one choice of code, namely
789.

Therefore the total number of codes that Aaron can choose is 28 + 21 + 15 + 10 + 6 + 3 + 1, that
is, 84.

M����� 2

This method assumes some previous knowledge of binomial coe�cients (see the note below).

Given any three di�erent non-zero digits, there is only one way in which Aaron can use them to
make a code, as he wishes to arrange them in increasing order.

Therefore the number of di�erent codes that Aaron can choose is the number of di�erent ways
in which Aaron can choose 3 digits from the 9 non-zero digits. This number, ‘9 choose 3 ’, is

written
 
9
3

!
or sometimes 9C3 or 9C3. The number

 
9
3

!
is the coe�cient of x3 in the expansion of

(1 + x)9. It is what is called a binomial coe�cient.

The general formula for the binomial coe�cients is given by
 
n
r

!
=

n!
r!(n � r)!

. Therefore the

number of di�erent codes that Aaron can choose is
 
9
3

!
=

9!
3!6!

=
9 ⇥ 8 ⇥ 7
3 ⇥ 2 ⇥ 1

= 84.
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N���

The second method uses knowledge of the formula for the binomial coe�cient ‘n choose r’
which gives the number of ways of choosing r things from a set of n di�erent objects. You may
already have met Pascal’s triangle which is made up of the binomial coe�cients.

The branch of mathematics which covers problems of this kind is called Combinatorics. The
book Introduction to Combinatorics by Gerry Leversha and Dominic Rowland, published by the
UKMT in 2015, is an excellent introduction to this subject.

If this book is not yet in your school or college library, suggest that it should be acquired. It may
be ordered from the UKMT website.

F�� �������������

17.1 How many n-digit codes, for 1  n  9, can Aaron choose when, for each value of n, the
code has to consist of n di�erent digits from 1 to 9 which are arranged in increasing order?

17.2 What do you notice about your answers to 17.1?

18. The circumference of a circle with radius 1 is divided into four
equal arcs. Two of the arcs are ‘turned over’ as shown.

What is the area of the shaded region?

A 1 B
p

2 C 1
2⇡ D

p
3 E 2

S������� E
Because the four arcs are equal, their endpoints form a square. This
square is shown in the diagram.

The four segments P, Q, R and S, indicated in the diagram, are
congruent. The shaded region is made up of the region T , together
with the segments P and Q. It follows that the area of this region
is equal to that of the square which is made up of T and the two
segments R and S.

The diagonals of the square are diameters of the circle. Therefore
they have length 2. It follows that the square has sides of length

p
2.

Hence the area of the square is
p

2 ⇥
p

2, that is, 2.

TR S

P

Q

Therefore the area of the shaded region is 2.

F�� �������������

18.1 The above solution uses the fact that because the four arcs are equal, their endpoints form
a square. Explain why this follows.

18.2 Explain why it follows from the fact that the diagonals of the square have length 2, that
the sides of the square have length

p
2.
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19. Let S be a set of five di�erent positive integers, the largest of which is m. It is impossible
to construct a quadrilateral with non-zero area, whose side-lengths are all distinct
elements of S.

What is the smallest possible value of m?

A 2 B 4 C 9 D 11 E 12

S������� D
Let W XY Z be a quadrilateral, with non-zero area. We note first that the shortest route from W to
Z is the line segment W Z .

Since W XY Z has non-zero area, the points X and Y are not both on the line segment W Z .
Therefore the path made up of the line segments W X , XY and Y Z is not the shortest route from
W to Z .

It follows that W X + XY + Y Z > W Z .

Conversely, it may be seen that when the sum of the three smallest of four positive numbers is
greater than the largest number of the four, then there is quadrilateral with non-zero area which
has these four positive numbers as its side lengths. (You are asked to check this in Exercise 19.1)

Suppose h, j, k, l and m are five positive integers with h < j < k < l < m, which have the
required property that, whichever four of them are selected, these are not the side lengths of a
quadrilateral with non-zero area. Then, whichever four of these numbers are selected, the sum of
the three smallest is no greater than the largest.

In Exercise 19.2 you are asked to check that, provided that h + j + k  l and j + k + l  m, the
integers h, j, k, l and m satisfy the condition that, whichever four of them are selected, the sum
of the three smallest is no greater than the largest.

We wish to choose m to be as small as possible. To achieve this we need h, j, k and l to be as
small as possible. The smallest possible values for h, j and k, are h = 1, j = 2 and k = 3. This
gives h + j + k = 1 + 2 + 3 = 6. Because we need to have h + j + k  l, the smallest possible
value of l is 6. Then j + k + l = 2 + 3 + 6 = 11. Because we need to have j + k + l  m, the
smallest possible value of m is 11.

F�� �������������

19.1 Show that if p, q, r and s are positive numbers such that p < q < r < s and p + q + r > s,
then there is a quadrilateral with non-zero area which has these side lengths. [Hint: One
method is to show that there is a trapezium whose parallel sides have lengths r and s, and
whose other two sides have lengths p and q.]

19.2 Suppose that h < j < k < l < m and h + j + k  l and j + k + l  m. Check that
whichever four of the numbers h, j, k, l, m are selected, the sum of the three smallest is
no greater than the largest.

19.3 What is the value of m in the similar problem where S is a set of six di�erent positive
integers?
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20. Michael was walking in Marrakesh when
he saw a tiling formed by tessellating the
square tile as shown.

The tile has four lines of symmetry and
the length of each side is 8 cm. The length
of XY is 2 cm. The point Z is such that
X Z is a straight line and Y Z is parallel
to the sides of the square.

X Y

Z

What is the area of the central grey octagon?

A 6 cm2 B 7 cm2 C 8 cm2 D 9 cm2 E 10 cm2

S������� E
Let T , U, V and W be the points shown in the diagram.

Because the tile has four lines of symmetry and Y Z is parallel to
the sides of the square, so also is XU, and XU = Y Z . Therefore
XU ZY is a rectangle with U Z = XY = 2 cm.

Because X Z is a straight line, by the symmetry of the tile, it follows
that UY is also a straight line. Therefore X Z and UY are the
diagonals of the rectangle XU ZY and they divide the rectangle into
four triangles with equal areas.

Also, by the symmetry of the tile, UVW Z is a square, XT is a
straight line and XU = VT . Therefore, because UV = U Z = 2 cm
and XT = 8 cm, it follows that XU = 3 cm.

X Y

ZU

V W

T

The shaded octagon is made up of the 2 cm ⇥ 2 cm square UVW Z and four congruent triangles.
Each of these four triangles has the same area as one quarter of the rectangle XU ZY . Therefore
the area of the shaded octagon equals the area of UVW Z plus the area of the 2 cm ⇥ 3 cm
rectangle XU ZY .

Hence the area of the octagon is (2 ⇥ 2 + 2 ⇥ 3) cm2, that is, 10 cm2.

F�� �������������

20.1 What is the total area of the four white hexagons that form part of each tile?
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21. The diagram shows ten equal discs that lie between two
concentric circles - an inner circle and an outer circle. Each
disc touches two neighbouring discs and both circles. The
inner circle has radius 1.

What is the radius of the outer circle?

A 2 tan 36° B
sin 36°

1 � sin 36°
C

1 + sin 18°
1 � sin 18°

D
2

cos 18°
E

9
5

1

S������� C
Let O be the common centre of the inner
and outer circles, let C be the centre of one
of the discs and let T be the point where
one of the tangents from O meets the disc,
as shown in the diagram.

Let the radius of each of the discs be r cm.
We see from the diagram that the radius of
the outer circle is (1 + 2r) cm.

1

r

r r
18°

T

O
C

There are ten equal discs surrounding the inner circle. Therefore the angle between the two
tangents from O to one of the discs is 1

10 (360°), that is, 36°.

Since \TOC is one half of this angle, we have \TOC = 18°.

The tangent OT is at right angles to the radius CT . Therefore TOC is a right-angled triangle
in which the hypotenuse, OC, has length (1 + r) cm, and the side opposite the angle of 18° has
length r cm.

It follows that
sin 18° = r

1 + r
.

From this equation we deduce that

(1 + r) sin 18° = r,

and hence that
sin 18° = (1 � sin 18°)r .

It follows that
r =

sin 18°
1 � sin 18°

.

Therefore the radius of the outer circle is given by

1 + 2r = 1 +
2 sin 18°

1 � sin 18°
=

(1 � sin 18°) + 2 sin 18°
1 � sin 18°

=
1 + sin 18°
1 � sin 18°

.
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22. Three friends make the following statements.

Ben says, “Exactly one of Dan and Cam is telling the truth.”

Dan says, “Exactly one of Ben and Cam is telling the truth.”

Cam says, “Neither Ben nor Dan is telling the truth.”

Which of the three friends is lying?

A Just Ben B Just Dan
C Just Cam D Each of Ben and Cam
E Each of Ben, Cam and Dan

S������� C
If Cam’s statement is true, then both Ben and Dan are lying. But then exactly one of Ben and
Cam is telling the truth. So Dan is telling the truth. This is a contradiction.

We deduce that Cam is lying.

Hence at least one of Ben and Dan is telling the truth.

If Ben’s statement is true, then exactly one of Ben and Cam is telling the truth. Hence Dan is
telling the truth.

Similarly, if Dan’s statement is true, then Ben is telling the truth.

We deduce that Ben and Dan are telling the truth and that Cam is lying.

F�� �������������

22.1 Four friends make the following statements.

Ben says, “Exactly one of Cam, Dan and Sam is telling the truth.”

Dan says, “Exactly one of Ben, Cam and Sam is telling the truth.”

Cam says, “Exactly one of Ben, Dan and Sam is telling the truth.”

Sam says, “None of Ben, Dan and Cam is telling the truth.”

What can you deduce about who is telling the truth and who is lying?
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23. A cuboid has sides of lengths 22, 2 and 10. It is contained within a sphere of the smallest
possible radius.

What is the side-length of the largest cube that will fit inside the same sphere?

A 10 B 11 C 12 D 13 E 14

S������� E
If a cuboid is contained in a sphere of the smallest possible radius, the vertices of the cuboid will
lie on the sphere. It follows that the diagonals of the cuboid will be diameters of the sphere. So
we begin by calculating the length of the diagonals of the 22 ⇥ 2 ⇥ 10 cuboid.

Consider a general cuboid with sides of lengths a, b
and c, as shown in the diagram. Let P, Q, R and S be
the vertices shown in this diagram. Let d be the length
of the diagonal RS.

By Pythagoras’ theorem, applied to the right-angled
triangle PQR, we have

PR2 = a2 + b2.

c

b

a

P

Q

R

S

d

Therefore, by Pythagoras’ theorem, applied to the right-angled triangle, SPR, we have

d2 = PR2 + c2 = a2 + b2 + c2.

It follows that for the cuboid given in the question,

d2 = 222 + 22 + 102 = 484 + 4 + 100 = 588.

Therefore the smallest sphere inside which the cuboid will fit has diameter d, where d =
p

588.

Let s be the side length of the largest cube that will fit inside this sphere. By the equation
d2 = a2 + b2 + c2 for the diagonal of a cuboid, we have

d2 = s2 + s2 + s2,

and hence
588 = 3s2.

It follows that s2 = 196, and hence s = 14.

F�� �������������

23.1 Note that, in the above solution, we have

3s2 = 222 + 22 + 102.

Find examples of three di�erent positive integers a, b and c, with no common factor other
than 1, such that there is a positive integer s such that

3s2 = a2 + b2 + c2.
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24. The diagram shows a square PQRS. The arc QS is a quarter
circle. The point U is the midpoint of QR and the point T lies on
SR. The line TU is a tangent to the arc QS.

What is the ratio of the length of T R to the length of U R?

A 3 : 2 B 4 : 3 C 5 : 4 D 7 : 6 E 9 : 8

P

Q R

S

T

U

S������� B
It is convenient, because U is the midpoint of QR, to choose
units so that the square has sides of length 2. It follows that
each of UQ and U R has length 1.

Suppose that T R has length x. Then the length of T S is 2 � x.

Let V be the point where the line TU is tangent to the arc.

Because the two tangents from a point to a circle have the
same length, UV = UQ = 1 and VT = T S = 2� x. It follows
that UT = UV + VT = 1 + (2 � x) = 3 � x.

P

Q R

S

T

U

V
x

2 � x

1 1

In the right-angled triangle U RT the hypotenuse has length 3 � x, and the other two sides have
lengths 1 and x. Therefore, by Pythagoras’ theorem applied to this triangle,

12 + x2 = (3 � x)2.

It follows that
1 + x2 = 9 � 6x + x2,

and hence
6x = 8.

We deduce that x = 4
3 .

Therefore T R : U R = 4
3 : 1 = 4 : 3.

F�� �������������

24.1 Prove that the two tangents from a point to a circle have the same length.

24.2 In this question the common length of the sides of the square PQRS is not given. Why is
it legitimate in answering this question to choose units so that this length is 2?
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25. Let n be the smallest integer for which 7n has 2016 digits.

What is the units digit of n?

A 0 B 1 C 4 D 6 E 8

S������� D

The smallest positive integer which has 2016 digits is the number 102015, which is written with
the digit 1 followed by 2015 copies of the digit 0. It follows that we require n to be the least
positive integer for which 7n � 102015. Therefore n is the least positive integer such that

n � 102015

7
.

The decimal expansion of
1
7

is the recurring decimal 0.1̇42857̇, with the block 142857 of six
digits repeated for ever after the decimal point.

We have
102015

7
= 102015 ⇥ 1

7
.

The e�ect of multiplying by 102015 is to move the decimal point 2015 places to the right. It

follows that the decimal representation of 102015

7
consists of the digits 142857 in repeated blocks,

with 2015 of these digits coming before the decimal point.

Now 2015 = 6 ⇥ 335 + 5. Therefore the decimal expansion of
102015

7
consists of 335 repetitions

of the block 142857 followed by 14285 before the decimal point, with the digit 7 followed by an
unending repetition of the block of digits 142857 after the decimal point.

That is,
102015

7
= 142857 142857 . . . 142857 14285 . 7 1̇42857̇ .

It follows that the least integer n such that n � 102015

7
is

142857 142857 . . . 142857 14286,

whose units digit is 6.

Therefore the units digit of the least positive integer n for which 7n has 2016 digits is 6.

F�� �������������

25.1 Check that the decimal expansion of
1
7

is 0.1̇42857̇.

25.2 Which is the smallest integer n for which 3n has 1000 digits?

25.3 Which is the smallest integer n for which 13n has 100 digits?
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SeniorMathematical Challenge 2015

1. What is 20152 � 2016 ⇥ 2014?

A �2015 B �1 C 0 D 1 E 2015

Solution D

Commentary

This question could be answered by doing two multiplications, to evaluate 20152 and
2016 ⇥ 2014, and then one subtraction. It should be clear that this method cannot
be what was intended as it would be tedious and take up a lot of time. There must
be a better method. The clue is that the product 2016 ⇥ 2014 may be rewritten as
(2015 + 1) ⇥ (2015 � 1), and that this last expression is equivalent to the di↵erence
of two squares, namely, 20152 � 12. This leads to the solution given below.

[See Question 22 for another case where the factorization of the di↵erence of two
squares is useful.]

We have

20152 � 2016 ⇥ 2014 = 20152 � (2015 + 1) ⇥ (2015 � 1)

= 20152 � (20152 � 1)

= 20152 � 20152 + 1
= 1.

2. What is the sum of all the solutions of the equation 6x =
150

x
?

A 0 B 5 C 6 D 25 E 156

Solution A

We have,

6x =
150

x
, 6x2 = 150

, x2 = 25
, x = �5 or x = 5.

Therefore the equation has the two solutions �5 and 5. It follows that the sum of all the solutions
of the equation is �5 + 5 = 0.

Note that here the symbol, stands for if, and only if.
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3. When Louise had her first car, 50 litres of petrol cost £40. When she filled up the other
day, she noticed that 40 litres of petrol cost £50.

By approximately what percentage has the cost of petrol increased over this time?

A 50% B 56% C 67% D 75% E 80%

Solution B

We note first that £40 is 40 ⇥ 100 pence, that is, 4000 pence. Therefore when Louise had her first
car, the cost of petrol, in pence per litre, was

4000
50
= 80.

Similarly, when she filled up the other day, the cost of petrol, in pence per litre, was

5000
40
= 125.

It follows that the cost of petrol has increased by (125 � 80) pence per litre, that is, by 45 pence
per litre. As a percentage of the original price this increase is

45
80
⇥ 100 =

4500
80

=
450
8

= 561
4 .

Therefore the increase in the cost of petrol over the given period is approximately 56%.

4. In the diagram, the smaller circle touches the larger circle and also
passes through its centre.

What fraction of the area of the larger circle is outside the smaller
circle?

A
2
3

B
3
4

C
4
5

D
5
6

E
6
7

Solution B

Because the smaller circle touches the larger circle and passes through its centre, the diameter of
the smaller circle is half that of the larger circle. It follows that the radius of the smaller circle is
half that of the larger circle.

The area of a circle with radius r is ⇡r2. Therefore, the area of a circle with radius 1
2r is

⇡( 1
2r)2 = 1

4⇡r
2. It follows that the area of the smaller circle is 1

4 of the area of the larger circle.
Therefore 1

4 of the area of the larger circle is inside the smaller circle. Hence 3
4 of the area of the

larger circle is outside the smaller circle.
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5. The integer n is the mean of the three numbers 17, 23 and 2n.

What is the sum of the digits of n?

A 4 B 5 C 6 D 7 E 8

Solution A

Because the mean of 17, 23 and 2n is n,

17 + 23 + 2n
3

= n,

and therefore,

17 + 23 + 2n = 3n,

that is,

40 + 2n = 3n,

from which it follows that

n = 40.

Therefore the sum of the digits of n is 4 + 0 = 4.

For investigation

5.1 The integer n is the mean of the four numbers 11, 13, 19 and 3n. What is the value of n?

5.2 Let k be a positive integer, with k � 2. Show that if n is the mean of the k numbers,
a1, a2, . . . ,ak�1 and (k � 1)n, then n = a1 + a2 + · · · + ak�1.
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6. The numbers 5, 6, 7, 8, 9, 10 are to be placed, one in each of the circles
in the diagram, so that the sum of the numbers in each pair of touching
circles is a prime number. The number 5 is placed in the top circle.

Which number is placed in the shaded circle?

A 6 B 7 C 8 D 9 E 10

5

Solution E

The primes that are the sum of two numbers chosen from 5, 6, 7, 8, 9 and 10 are all greater than
2, and therefore must be odd primes. So if they are the sum of two integers, one of these must be
odd and the other even.

It follows that of the two numbers in any pair of touching circles, one must be odd and one must
be even. So the numbers must be arranged in the circles so that they are alternately odd and even.
Therefore the number in the shaded circle must be even, that is, 6, 8 or 10.

We also deduce from this that the only possible positions for the even numbers not in the shaded
circle are the circles adjacent to the top circle which contains the number 5.

Now the number 10 cannot be adjacent to the top circle because 5 + 10 = 15 which is not a
prime. Therefore 10 must be the number in the bottom circle.

Commentary

In the context of the SMC it is adequate to stop here. For a full solution we need to
show that it is possible to put the numbers 6, 7, 8, 9 and 10 in the circles in a way that
meets the requirement that the sum of the numbers in each pair of touching circles is
prime.

To complete the solution we show that there actually is an arrangement with the number 10 in
the bottom circle. It is easy to see that the two arrangements shown in the figures below both
meet the requirement that the sum of the numbers in each pair of touching circles is a prime.
Note that the only di↵erence between them is that in the figure on the left the numbers 5, 6, 7,
10, 9, 8 go round clockwise, whereas in the figure on the right they go round anticlockwise.

5
8

9
10

7

6
5

6

7
10

9

8

For investigation

6.1 Show that the two arrangements of the numbers given in the above solution are the only
arrangements that meet the requirements of the question.

© UKMT November 2015 www.ukmt.org.uk 5

Hanul Cha

Hanul Cha



SeniorMathematical Challenge 2015

7. Which of the following has the largest value?

A
� 1

2
�

� 3
4
� B

1
 � 2

3
�

4

! C

 � 1
2
�

3

!

4
D

1
 

2
� 3

4
�
! E

 
1

� 2
3
�
!

4

Solution B

Commentary

The natural method here is to simplify each fraction to the form
p
q

, where p and q are

positive integers, and then to look and see which of these simplified fractions has the
largest value.

However, if you adopt this method, you will see that just one of the fractions is greater
than 1.

Now, when x and y are positive numbers,

x
y
> 1 if, and only if x > y.

It follows that we can answer this question by evaluating the numerator x and the
denominator y for each option in turn, and showing that in only one case we have
x > y. This saves a little work.

In option A the numerator 1
2 is smaller than the denominator 3

4 and so the value of the fraction is
less than 1.

In option B the numerator is 1 and the denominator is
� 2

3
�

4
=

2
3
⇥ 1

4
=

1
6
.

Since the numerator is greater than the denominator, the value of this fraction is greater than 1.

In option C the numerator is � 1
2
�

3
=

1
2
⇥ 1

3
=

1
6

and the denominator is 4. Since the numerator is less than the denominator, the value of this
fraction is less than 1.

In option D the numerator is 1 and the denominator is

2
� 3

4
� = 2 ÷ 3

4
= 2 ⇥ 4

3
=

8
3
.

Since the numerator is less than the denominator, the value of this fraction is less than 1.
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8. The diagram shows eight small squares. Six of these squares
are to be shaded so that the shaded squares form the net of a
cube.

In how many di↵erent ways can this be done?

A 10 B 8 C 7 D 6 E 4

Solution D

Commentary

Answering this question as we do to comes down to checking a list of grids obtained
from the given diagram by ignoring two of the squares to see in how many cases they
form the net of a cube. There are 28 di↵erent ways to delete two of the squares in the
diagram. Rather a lot to check! So we begin by thinking of a way to cut down the
number of grids that we need to check.

When it comes to checking grids, under the conditions of the SMC you will probably
have to use your visual imagination to decide whether they could be folded to make
cubes. Outside the SMC you could do a practical experiment.

We label the squares as shown in the figure.

We note first that the net of a cube cannot use both the squares P and Q
as these must fold to make the same face of any cube.

Each net includes the square T , as otherwise it would not be a connected
set of squares. However, no net of a cube can use all four of the squares
T , U, V and W . Therefore each net must leave out one of the squares
U, V , W .

P Q

R S T U

V W

It follows that there are only six ways in which we might produce the net of the cube by not
using a pair of squares. These involve not using one the following pairs of squares: P and U , P
and V , P and W , Q and U , Q and V , Q and W . The six grids obtained by ignoring each of these
pairs of squares in turn are shown in the figure below.

P

U

P

V

P

W

Q

U

Q

V

Q

W

You should be able to see that each of these is the net of a cube. Therefore there are six di↵erent
ways in which six of the squares can be used to form the net of a cube.

For investigation

8.1 Are there any other nets of cubes other than those shown in the figure above?
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9. Four di↵erent straight lines are drawn on a flat piece of paper. The number of points
where two or more lines intersect is counted.

Which of the following could not be the number of such points?

A 1 B 2 C 3 D 4 E 5

Solution B

Each of the figures below shows four straight lines drawn on a flat piece of paper with 1, 3, 4
and 5 points, respectively, where two or more lines intersect.

It follows that these numbers of intersections are possible. We deduce from this that the correct
option is B.

Commentary

In the context of the SMC, when four of the given options have been eliminated, it
is safe to conclude that the remaining option is correct. However, for a complete
solution we need to give an argument to show that it is not possible to draw four
straight lines so that there are exactly two points of intersection. We now give an
argument to prove this.

We show that the attempt to draw four straight lines on a flat piece of paper so that there are just
two intersection points is bound to fail.

Suppose that we aim to draw four straight lines so that there are only two
points of intersection. Let these points be P and Q.

For P to be a point of intersection, there must be at least two lines through
P. Therefore we need to draw at least one line, say l, through P other
than the line through P and Q.

Similarly we need to draw at least one line, say m, through Q other than
the line through P and Q.

l

m

n
P

Q

The lines l and m must be parallel since otherwise there would be a third point of intersection.

We can now add the line through P and Q, say n, without creating another intersection point.
However, any other line through P would not be parallel to m and hence would create a third
intersection point. So we cannot draw such a line. Similarly we cannot draw another line through
Q without creating a third intersection point.

So, having drawn the lines l and m, the only line we can add without creating a third intersection
point is n. It follows that we cannot draw four straight lines in such a way that there are exactly
two intersection points.
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10. The positive integer n is between 1 and 20. Milly adds up all the integers from 1 to n
inclusive. Billy adds up all the integers from n + 1 to 20 inclusive. Their totals are the
same.

What is the value of n?

A 11 B 12 C 13 D 14 E 15

Solution D

Commentary

In the solution below we make use of the formula

1 + 2 + · · · + n = 1
2 n(n + 1)

for the sum of the positive integers from 1 to n inclusive.

If you are not familiar with this formula, see Problems 10.3 and 10.4 below.

Because the total that Milly gets is the same as the total that Billy gets, each of their totals is half
the sum of the positive integers from 1 to 20 inclusive. We can obtain this total by putting n = 20
in the formula 1

2 n(n + 1). This gives 1
2 ⇥ 20 ⇥ 21 = 210. Therefore the total of the numbers that

Milly adds up is half of 210, that is, 105. So we need to find the positive integer n such that
1 + 2 + 3 + · · · + n = 105.

Method 1

We find the value of n by trying each of the given options in turn until we find the correct value.

To test whether option A is correct, we need to see if the sum of the integers from 1 to 11
inclusive is equal to 105. By putting n = 11 in the formula 1

2 n(n + 1), we see that

1 + 2 + 3 + · · · + 11 = 1
2 ⇥ 11 ⇥ 12 = 66.

So option A is not the correct answer.

We now test the other options in turn. We have

1 + 2 + · · · + 12 = (1 + 2 + · · · + 11) + 12 = 66 + 12 = 78.
1 + 2 + · · · + 13 = (1 + 2 + · · · + 12) + 13 = 78 + 13 = 91.
1 + 2 + · · · + 14 = (1 + 2 + · · · + 13) + 14 = 91 + 14 = 105.

Therefore n = 14. So option D is correct.

In the context of the SMC we can stop here.

However, a complete solution should explain why there is no other value of n that works. See
Problem 10.1, below.

© UKMT November 2015 www.ukmt.org.uk 11
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11. Rahid has a large number of cubic building blocks. Each block has sides of length 4 cm,
6 cm or 10 cm. Rahid makes little towers built from three blocks stacked on top of each
other.

How many di↵erent heights of tower can he make?

A 6 B 8 C 9 D 12 E 27

Solution C

Commentary

The most straightforward approach here is to list all the possible ways of choosing
three of the blocks. For a full solution it is important to do this in a systematic way
that makes it clear that every possible case occurs in the list, and no case is listed
more than once. We have set out the table in the solution below in a way that we hope
makes it clear that we have achieved this.

In the table below we list all combinations of three blocks each of side length 4 cm, 6 cm or
10 cm. In the last column we have give the height of the tower that the given blocks make.

number of
4 cm blocks

number of
6 cm blocks

number of
10 cm blocks

height of
tower

3 0 0 12 cm
0 3 0 18 cm
0 0 3 30 cm

2 1 0 14 cm
2 0 1 18 cm
1 2 0 16 cm
0 2 1 22 cm
1 0 2 24 cm
0 1 2 26 cm

1 1 1 20 cm

We see that there are ten ways in which Rahid can choose three blocks with which to make a
little tower. However, two of them make towers of the same height, namely 18 cm. So there are
9 di↵erent heights of tower that Rahid can make.

For investigation

11.1 How many di↵erent heights of tower can be built using four of the blocks?
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12. A circle touches the sides of triangle PQR at the points
S, T and U as shown. Also \PQR = ↵°, \PRQ = �°
and \T SU = �°.

Which of the following gives � in terms of ↵ and �?

A 1
2 (↵ + �) B 180 � 1

2 (↵ + �)
C 180 � (↵ + �) D ↵ + �
E 1

3 (↵ + �)

P

Q RS

TU

↵° �°
�°

Solution A

Method 1

From the given fact that the circle touches the sides of the triangle, we deduce that the lines
PQ, QR and RP are tangents to the circle. The two tangents from a given point to a circle are
of equal length. In particular, QS = QU. Therefore the triangle QSU is isosceles, and hence
\QSU = \QUS.

Because the sum of the angles in a triangle is 180°, from the triangle QSU we deduce that
↵° + \QSU + \QUS = 180°.

Since \QSU = \QUS, it follows that ↵° + 2\QSU = 180°. We can rearrange this equation to
give

\QSU = 1
2 (180 � ↵)°.

In a similar way, we have that the tangents RS and RT are of equal length. Hence the triangle
RT S is isosceles and therefore

\RST = 1
2 (180 � �)°.

Because QSR is a straight line, the angles at S on this line have sum 180°, that is,

\QSU + \RST + �° = 180°.

Substituting in this equation the expressions for \QSU and \RST we have already found, we
deduce that

1
2 (180 � ↵)° + 1

2 (180 � �)° + �° = 180°.

We can rearrange this equation as

180° � 1
2 (↵ + �)° + �° = 180°,

from which it follows that
� = 1

2 (↵ + �).

Method 2

As in method 1, PQ and PT are tangents to the circle.

By the Alternate Angle Theorem, \PUT = \PTU = �°. Therefore because the angles in the
triangle PUT have sum 180°, we have \UPT + �° + �° = 180°, and therefore

\UPT = 180° � 2�°.
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13. The Knave of Hearts tells only the truth on Mondays, Tuesdays, Wednesdays and
Thursdays. He tells only lies on all the other days. The Knave of Diamonds tells only
the truth on Fridays, Saturdays, Sundays and Mondays. He tells only lies on all the other
days. On one day last week, they both said, “Yesterday I told lies.”

On which day of the week was that?

A Sunday B Monday C Tuesday D Thursday E Friday

Solution E

A day on which one of the Knaves says “Yesterday I told lies.” is either a day when he is telling
the truth but the previous day he was lying, or else a day on which he is telling lies and the
previous day he was telling the truth.

So for the Knave of Hearts that day would have to be a Monday or a Friday. Likewise, for the
Knave of Diamonds that day would have to be a Friday or a Tuesday.

Therefore a day on which they both said “Yesterday I told lies.” is a Friday.
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14. The triangle shown has an area of 88 square units.

What is the value of y?

A 17.6 B 2
p

46 C 6
p

10 D 13
p

2
E 8
p

5
22

y10

Solution E

Method 1

We label the vertices of the triangle as shown in the figure.
We let N be the point where the perpendicular from P to QR
meets QR, and we let h be the length of PN .

The triangle has area 88. So, from the formula area =
1
2 (base ⇥ height) for a triangle, we have

88 = 1
2 (22 ⇥ h),

that is, 88 = 11h. It follows that h = 8.

y10
P

Q
RN

h

22

By Pythagoras’ Theorem applied to the right-angled triangle QN P, we have QN2 + h2 = 102.
Therefore QN2 = 102 � h2 = 102 � 82 = 100 � 64 = 36. Since QN is a length and therefore
positive, we deduce that QN = 6. [Alternatively, you could just note that PQN is a right angled
triangle with sides in the ratio 5 : 4 : 3.]

It follows that N R = QR �QN = 22 � 6 = 16. Now, applying Pythagoras’ Theorem to the right-
angled triangle PN R, we have N R2+h2 = y2, that is, 162+82 = y2. Hence y2 = 256+64 = 320.
We deduce that y =

p
320 =

p
64 ⇥ 5 = 8

p
5.

Method 2

We use the fact that the area of a triangle is 1
2 ab sin ✓, where

a and b are the lengths of two of the sides and ✓ is the angle
between these two sides, together with the Cosine Rule.

We label the vertices of the triangle as shown in the figure and
let \PQR = ✓. It follows that 88 = 1

2 (22 ⇥ 10) sin ✓. That is,
88 = 110 sin ✓. Hence

sin ✓ =
88

110
=

4
5
.

22

y10
P

Q
R

✓

From the identity cos2 ✓ + sin2 ✓ = 1, it follow that

cos2 ✓ = 1 � sin2 ✓ = 1 �
⇣4
5

⌘2
= 1 � 16

25
=

9
25
=

⇣3
5

⌘2
,

and therefore cos ✓ = ±3
5

.
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15. Two vases are cylindrical in shape. The larger vase has diameter
20 cm. The smaller vase has diameter 10 cm and height 16 cm. The
larger vase is partially filled with water. Then the empty smaller
vase, with the open end at the top, is slowly pushed down into the
water, which flows over its rim. When the smaller vase is pushed
right down, it is half full of water.

What was the original depth of the water in the larger vase?

A 10 cm B 12 cm C 14 cm D 16 cm
E 18 cm

Solution C

We use the formula V = ⇡r2h for the volume V of a cylinder of radius r and height h. Expressed
in terms of the diameter d of the cylinder, where r = 1

2 d, this becomes V = 1
4⇡d2h.

When the smaller vase is pushed right down and the water finishes flowing over the rim, the
water in the larger vase comes to the top of the smaller cylinder and so has the same depth as
height of the smaller cylinder, that is, 16 cm.

So the volume of water in the larger vase is that of a cylinder with diameter 20 cm and height
16 cm, less the volume of the empty half of the smaller vase.

The volume of a cylinder with diameter 20 cm and height 16 cm is, 1
4⇡ ⇥ 202 ⇥ 16 cm3 =

1600⇡ cm3. The volume of the empty half of the smaller cylinder is 1
4⇡⇥102⇥8 cm3 = 200⇡ cm3.

It follows that the volume of the water in the cylinder is, in cm3,

1600⇡ � 200⇡ = 1400⇡.

Now suppose that the original depth of the water in the cylinder is x cm. It follows that the
volume of the water in the cylinder is, in cm3,

1
4⇡ ⇥ 202 ⇥ x = 100⇡x.

Since these two expressions for the volume of the water must be the same,

100⇡x = 1400⇡,

from which it follows that x = 14.

Therefore the original depth of the water in the cylinder was 14 cm.
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16. Fnargs are either red or blue and have 2, 3 or 4 heads. A group of six Fnargs consisting
of one of each possible form is made to line up such that no immediate neighbours are
the same colour nor have the same number of heads.

How many ways are there of lining them up from left to right?

A 12 B 24 C 60 D 120 E 720

Solution A

We let R2, R3, R4 be red Fnargs with 2, 3 and 4 heads, respectively, and B2, B3, B4 be blue
Fnargs with 2, 3 and 4 heads, respectively. We need to count the number of ways of lining up R2,
R3, R4, B2, B3, B4 so that no two Fnargs that are next to each other have the same colour or the
same number of heads.

Suppose that a row of these six Fnargs begins with R2 at the left hand end. The second Fnarg in
the row must be blue and have 3 or 4 heads. So the row either begins R2, B3 or R2, B4.

If the row begins R2, B3 the third Fnarg must be red and cannot have 3 heads. Since R2 is
already in the line up, the third Fnarg must be R4. The fourth Fnarg must be blue and cannot
have 4 heads. Since B3 is already in the row, this fourth Fnarg must be B2. This leaves just R3
and B4 to be placed. So, as the colours must alternate, the fifth and sixth Fnargs in the row must
be R3 and B4 in this order from left to right. Hence the line up must be

R2, B3, R4, B2, R3, B4.

A similar argument shows that if the row begins R2, B4, then the line up must be as above but
with 3 and 4 interchanged, that is,

R2, B4, R3, B2, R4, B3.

So there are just two ways to complete a row that begins with R2.

A similar argument shows that whichever Fnarg begins a row, there are just two ways to complete
the row.

Since the row may begin with any of the six Fnargs, the total number of ways to line them up is
6 ⇥ 2 = 12.

For investigation

16.1 As a result of a genetic modification there are now Fnargs with 2, 3, 4 or 5 heads, but
still only red or blue. In how many ways can we line up eight Fnargs consisting of one of
each possible form so that two adjacent Fnargs have neither the same colour nor the same
number of heads?

16.2 As a result of a further genetic modification there are now red, blue and green Fnargs,
each with 2, 3, 4 or 5 heads. In how many ways can we line up twelve Fnargs consisting
of one of each possible form so that two adjacent Fnargs have neither the same colour nor
the same number of heads?
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17. The diagram shows eight circles of two di↵erent sizes. The
circles are arranged in concentric pairs so that the centres form a
square. Each larger circle touches one other larger circle and two
smaller circles. The larger circles have radius 1.

What is the radius of each smaller circle?

A 1
3 B 2

5 C
p

2 � 1 D 1
2

E 1
2

p
2

Solution C

Let the centres of the circles be P, Q, R and S, as shown.
Let the radius of the smaller circles be r .

Then the length of PQ is the sum of the radius of a
larger circle and the radius of a smaller circle. That
is, PQ = 1 + r. Similarly QR = 1 + r. Also, PR is
the sum of the radii of two of the large circles. That is,
PR = 1 + 1 = 2.

Because PQRS is a square, \PQR is a right angle. P Q

RS

Therefore, applying Pythagoras’ theorem to the triangle PQR, we have

(1 + r)2 + (1 + r)2 = 22.

It follows that
2(1 + r)2 = 4

and hence
(1 + r)2 = 2.

Therefore
1 + r = ±

p
2

and hence
r = ±

p
2 � 1.

Because a radius must be positive, we deduce that the radius of each smaller circle is
p

2 � 1.

.
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18. What is the largest integer k whose square k2 is a factor of 10!?

[10! = 10 ⇥ 9 ⇥ 8 ⇥ 7 ⇥ 6 ⇥ 5 ⇥ 4 ⇥ 3 ⇥ 2 ⇥ 1.]

A 6 B 256 C 360 D 720 E 5040

Solution D

Commentary

The most straightforward way to answer this question would be to first evaluate 10!,
and then try out the squares of the given options, starting with the largest, until you
find a square that is a factor of 10!

If you do the multiplication you will find that 10! = 3 628 800. If you now test the
options, you will find that 50402 is not a factor of 10!, but that 7202 is.

However, this approach has several disadvantages. In the SMC calculators are not
allowed, and this method requires a lot of arithmetic. Outside the context of SMC, we
do not have only five options to test. We would have to start with the largest integer,
k, such that k2  10!, and check whether k2 is a factor of 10!. If not we would need
to check whether (k � 1)2 is factor of 10!, and so on, until we find the largest integer
whose square is a factor of 10! Also, this method gives no insight into the problem
and if 10 were replaced by a much larger number, it would not be feasible to use this
method.

A better method is to work with the prime factorization of 10!, using the fact that
when we factorize a square into primes, each prime occurs to an even power. So we
begin by factorizing 10! into primes, and then we look for the highest product of even
powers of the prime factors that is a factor of 10!

We express 10! as a product of prime numbers as follows.

10! = 10 ⇥ 9 ⇥ 8 ⇥ 7 ⇥ 6 ⇥ 5 ⇥ 4 ⇥ 3 ⇥ 2 ⇥ 1

= (2 ⇥ 5) ⇥ 32 ⇥ 23 ⇥ 7 ⇥ (2 ⇥ 3) ⇥ 5 ⇥ 22 ⇥ 3 ⇥ 2

= 28 ⇥ 34 ⇥ 52 ⇥ 7

= (24 ⇥ 32 ⇥ 5)2 ⇥ 7.

We deduce that the square of 24 ⇥ 32 ⇥ 5 is a factor of 10! but there is no larger integer k
such that k2 is a factor of 10! So the largest integer k whose square k2 is a factor of 10! is
24 ⇥ 32 ⇥ 5 = 16 ⇥ 9 ⇥ 5 = 720.

For investigation

18.1 Which is the largest integer k whose square, k2, is a factor of 11!?

18.2 Which is the largest integer k whose square, k2, is a factor of 12!?

18.3 Which is the least integer, n, such that 1262 is a factor of n!?
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19. Three squares are arranged as shown so that their bases
lie on a straight line. Also, the corners P, Q and R lie
on a straight line. The middle square has sides that are
8 cm longer than the sides of the smallest square. The
largest square has sides of length 50 cm. There are two
possible values for the length (in cm) of the sides of the
smallest square.

Which of the following are they?

P
Q

R

A 2, 32 B 4, 42 C 4, 34 D 32, 40 E 34, 42

Solution A

We let S, T , U and V be the points shown
in the figure.

We let the side length of the smallest square
be x cm.

It follows that the middle square has sides
of length (x + 8) cm

Since the lines QU and RV are both per-
pendicular to UV they are parallel lines.

x cm

P
(x + 8) cm

Q

50 cm

R

U

S

V

T

Therefore, as PQR is a straight line, the corresponding angles \PQS and \QRT are equal.

Because the figure is made up of squares, \PSU = \QTV = 90°. Therefore, as angles on a line
add up to 180°, we have \PSQ = \QT R = 90°. It follows that the right-angled triangles PSQ
and QT R are similar because they have the same angles. Therefore

QS
PS
=

RT
QT
.

Now QS has length 8 cm, PS has length x cm, RT has length (50 � (x + 8)) cm = (42 � x) cm
and QT has length (x + 8) cm. It follows that

8
x
=

42 � x
x + 8

.

Multiplying both sides of this equation by x(x + 8), we see that this last equation is equivalent to

8(x + 8) = x(42 � x),

that is,
8x + 64 = 42x � x2.

This last equation may be rearranged to give

x2 � 34x + 64 = 0.

We can now factorize the quadratic in this equation to give

(x � 32)(x � 2) = 0.

Therefore
x = 2 or x = 32.

We deduce that the possible lengths, in cm, of the sides of the smallest square are 2 and 32.
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20. A square ink pad has sides of length 1 cm. It is covered in black ink and carefully placed
in the middle of a piece of white paper. The square pad is then rotated 180° about one of
its corners so that all of the pad remains in contact with the paper throughout the turn.
The pad is then removed from the paper.

What area of paper, in cm2, is coloured black?

A ⇡ + 2 B 2⇡ � 1 C 4 D 2⇡ � 2 E ⇡ + 1

Solution E

We let O be the corner of the square about which it rotates. The
initial position of the square is shown by solid lines, and its final
position by broken lines, so that the corner initially at the position
P rotates to the position Q.

The area that is in contact with the paper at some time during the
rotation is shown shaded. This is the area that gets coloured black
as the square rotates. It is made up of the semicircle with diameter
PQ and the two shaded half squares outside this semicircle.

O

P

Q

The length of the sides of the squares, in cm, is 1. We let the length of OP be x cm. Then, by
Pythagoras’ Theorem, x2 = 12 + 12 = 2. Therefore, the area of the semicircle with diameter PQ
is, in cm2, 1

2⇡x2 = 1
2⇡ ⇥ 2 = ⇡.

The area of the two half squares outside the semicircle is equal to the area of one square with
side length 1 cm, that is, 1 cm2.

Therefore, the total area that is coloured black is, in cm2, ⇡ + 1.
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21. The diagram shows a triangle XY Z . The sides
XY , Y Z and X Z have lengths 2, 3 and 4 re-
spectively. The lines AM B, PMQ and SMT
are drawn parallel to the sides of triangle XY Z
so that AP, QS and BT are of equal length.

What is the length of AP? S

T
BA

P

Q Z

Y

X

M

A
10
11

B
11
12

C
12
13

D
13
14

E
14
15

Solution C

Let the common length of AP, QS and BT be x.

Because AB is parallel to X Z , the corresponding angles, \PAM and \Y X Z are equal. Because
PQ is parallel to Y Z , the corresponding angles, \APM and \XY Z are equal.

It follows that the triangles APM and XY Z are similar. Therefore their corresponding sides are

in the same ratio. Hence, in particular,
AP
XY
=

AM
X Z

. That is,
x
2
=

AM
4

, and therefore AM = 2x.

Since AM is parallel to X S, and X A is parallel to SM , the quadrilateral M AX S is a parallelogram.
Therefore X S = AM = 2x.

Similarly, the triangles MT B and XY Z are similar, and therefore
T B
Y Z
=

MB
X Z

. Hence
x
3
=

MB
4

.

Therefore MB =
4
3

x. Also MBZQ is a parallelogram. Therefore QZ = MP =
4
3

x.

Now, as X S + SQ +QZ = X Z , it follows that

2x + x +
4
3

x = 4.

That is,
13
3

x = 4,

from which it follows that
x =

3
13
⇥ 4 =

12
13
.

Therefore the length of AP is
12
13

.

For investigation

21.1 Find the lengths of X A and PY in terms of x. Then use the fact that XY has length 2 to
determine the value of x.

21.2 Similarly, determine the value of x by finding the lengths of YT and BZ , and then use the
fact that Y Z has length 3.

21.3 Is it true that for every triangle XY Z there is a point M, such that when the lines AMB,
PMQ and SMT are drawn parallel to the sides of the triangle, then AP, QS and BT are
of equal length ?
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22. Let f (x) = x +
p

x2 + 1 +
1

x �
p

x2 + 1
.

What is the value of f (2015)?

A �1 B 0 C 1 D
p

2016 E 2015

Solution B

Commentary

At first sight, this looks an impossibly di�cult question, as it seems to involve working
out the value of the square root

p
x2 + 1 for x = 2015, without the use of a calculator!

As this cannot be the intended method, we look for an alternative approach.

The presence of both the terms x�
p

x2 + 1 and x+
p

x2 + 1 in the expression for f (x)
suggests that we can make progress using algebra, and in particular, the di↵erence of
two squares formula (a � b)(a + b) = a2 � b2, with a = x, and b =

p
x2 + 1.

Indeed, if you have the confidence to try this approach, you will see that this question
turns out not to be at all di�cult.

We have

f (x) = x +
p

x2 + 1 +
1

x �
p

x2 + 1
.

We now put the two terms involved in f (x) over a common denominator. This gives

f (x) =

⇣
x �
p

x2 + 1
⌘ ⇣

x +
p

x2 + 1
⌘
+ 1

x �
p

x2 + 1

=

⇣
x2 � �p

x2 + 1
�2⌘ + 1

x �
p

x2 + 1

=

⇣
x2 � (x2 + 1)

⌘
+ 1

x �
p

x2 + 1

=
�1 + 1

x �
p

x2 + 1

=
0

x �
p

x2 + 1
= 0.

This holds whatever the value of x. Therefore, in particular, f (2015) = 0.
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23. Given four di↵erent non-zero digits, it is possible to form 24 di↵erent four-digit numbers
containing each of these four digits.

What is the largest prime factor of the sum of the 24 numbers?

A 23 B 93 C 97 D 101 E 113

Solution D

Let the four di↵erent non-zero digits be a, b, c and d. If we use them to make 24 di↵erent
four-digit numbers, then each of a, b, c and d occurs 6 times in the units position, 6 times in the
tens position, 6 times in the hundreds position, and 6 times in the thousands position.

It follows that the digits in the units position contribute 6(a + b + c + d) to the sum of all 24
numbers, and the digits in the tens position contribute 6(a + b+ c + d) ⇥ 10 = 60(a + b+ c + d)
to this sum. Similarly, the digits in the hundreds position contribute 600(a + b+ c + d) and those
in the thousands column contribute 6000(a + b + c + d).

Therefore the total sum of all 24 numbers is

6000(a+b+c+d)+600(a+b+c+d)+60(a+b+c+d)+6(a+b+c+d) = 6666(a+b+c+d).

We can factorize 6666 into primes, as follows,

6666 = 6 ⇥ 1111 = 2 ⇥ 3 ⇥ 11 ⇥ 101.

Since a, b, c, d are four di↵erent digits, their sum is at most 9 + 8 + 7 + 6 = 30 and so this sum
cannot have a prime factor as large as 101. We deduce that the largest prime factor of the sum,
6666(a + b + c + d), of all the 24 numbers is 101.

For investigation

23.1 Given five di↵erent non-zero digits, it is possible to form 120 di↵erent five-digit numbers
containing each of these five digits.

What is the largest prime factor of the sum of the 120 numbers?

23.2 Given six di↵erent non-zero digits, how many di↵erent six-digit numbers are there which
contain each of the given six digits?

What is the largest prime factor of the sum of all these six-digit numbers?
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24. Peter has 25 cards, each printed with a di↵erent integer from 1 to 25. He wishes to place
N cards in a single row so that the numbers on every adjacent pair of cards have a prime
factor in common.

What is the largest value of N for which this is possible?

A 16 B 18 C 20 D 22 E 24

Solution C

An integer can occur on a card in the row only if it shares a prime factor with at least one other
integer on a card in the row. This rules out 1, which has no prime factors, and the primes 13, 17,
19 and 23 which are not factors of any other integers in the range from 1 to 25.

With these five integers excluded, this leaves at most 20 cards that can be in the row. It is possible
to arrange all these remaining cards in a row so as to meet the condition that integers on adjacent
cards share a prime factor. In fact, there are lots of ways to do this. For example

7, 14, 21, 3, 18, 15, 5, 25, 10, 4, 20, 24, 9, 6, 8, 12, 16, 2, 22, 11.

It follows that the largest value of N with the required property is 20.

For investigation

24.1 There are lots of di↵erent ways to arrange the cards carrying the 20 integers

2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25

in a row so that the integers on adjacent cards have a prime factor in common. Just one of
these arrangements is given in the above solution.

One of these integers must occur at the end, either first or last, in any row of all these
integers that meet the given condition. Which is it?

24.2 For which of the integers, n, of the 20 integers listed in Exercise 24.1, is it possible to
arrange all 20 cards in a row so that n is on the first card of the row, and so that every pair
of adjacent integers in the row have a prime factor in common?

24.3 As we say above, there are lots of ways to arrange the 20 cards in a row so that every pair
of adjacent integers has a prime number in common. Counting all the di↵erent possible
solutions is rather hard. You can try this if you like, but we suggest that instead you
consider the case where there are just 12 cards, each printed with a di↵erent integer from
1 to 12.

(i) What is the largest value of N such that N of the 12 cards can be placed in a single
row so that the numbers on every adjacent pair of cards have a prime factor in
common?

(ii) For this value of N how many di↵erent ways are there to arrange the N cards in a
row so as to meet the required condition?
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25. A function, defined on the set of positive integers, is such that f (xy) = f (x) + f (y) for
all x and y. It is known that f (10) = 14 and f (40) = 20.

What is the value of f (500)?

A 29 B 30 C 39 D 48 E 50

Solution C

Commentary

The factorization of 500 into primes is 500 = 22⇥53. Since the given function satisfies
the formula f (xy) = f (x) + f (y), it follows that f (500) = f (2 ⇥ 2 ⇥ 5 ⇥ 5 ⇥ 5) =
f (2) + f (2) + f (5) + f (5) + f (5) = 2 f (2) + 3 f (5).

Therefore we can find the value of f (500) if we can find the values of f (2) and f (5).
In the first method given below we go about this directly. The second method is more
systematic, but more complicated.

Method 1

Using the formula f (xy) = f (x) + f (y) with x = 4 and y = 10, gives f (40) = f (4) + f (10).
Hence f (4) = f (40) � f (10) = 20 � 14 = 6. Using the formula with x = y = 2, gives
f (4) = f (2) + f (2). Therefore f (2) = 1

2 f (4) = 1
2 ⇥ 6 = 3. Using the formula with x = 2 and

y = 5, gives f (10) = f (2) + f (5) and therefore f (5) = f (10) � f (2) = 14 � 3 = 11.

Since 500 = 22 ⇥ 53, we can now deduce that f (500) = 2 f (2) + 3 f (5) = 2 ⇥ 3 + 3 ⇥ 11 =
6 + 33 = 39.

Method 2

Let f (2) = a and f (5) = b. Since 10 = 2 ⇥ 5, we have f (10) = f (2) + f (5). Since 40 = 23 ⇥ 5,
we have f (40) = 3 f (2) + f (5).

Therefore, as f (10) = 14 and f (40) = 20, we obtain the two linear equations

a + b = 14 (1)
3a + b = 20 (2)

From equations (1) and (2)

(3a + b) � (a + b) = 20 � 14.

We deduce that 2a = 6 and therefore a = 3. Hence, by equation (1), we have b = 11.

Since 500 = 22 ⇥ 53, we deduce that f (500) = 2 f (2) + 3 f (5) = 2 ⇥ 3 + 3 ⇥ 11 = 39.

For investigation

25.1 Assume that f (xy) = f (x) + f (y) for all positive integers x and y. What is the value of
f (1)?

25.2 Again, assume that f (xy) = f (x)+ f (y) for all positive integers x and y. Show that if the
positive integer n has the factorization n = pa⇥qb⇥rc, then f (n) = a f (p)+b f (q)+c f (r).
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These solutions augment the printed solutions that we send to schools. For convenience, the
solutions sent to schools are confined to two sides of A4 paper and therefore in many cases are
rather short. The solutions given here have been extended. In some cases we give alternative
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1. What is 98 ⇥ 102?

A 200 B 9016 C 9996 D 998 E 99 996

Solution

C There are, of course, several ways to evaluate the product. In the absence of a calculator
the method which involves least e↵ort is to exploit the di↵erence of two squares identity,
(x � y)(x + y) = x2 � y2. This gives

98 ⇥ 102 = (100 � 2)(100 + 2) = 1002 � 22 = 10 000 � 4 = 9996.

Note that there are two useful checks that could be used here.

(a) Because 8 ⇥ 2 = 16, the units digit of 98 ⇥ 102 is 6. This rules out options A and D.

(b) Because 98 and 102 are each close to 100, their product is close to 100⇥ 100 = 10 000.
This rules out all the options other than C.

For investigation

1.1 What is 998 ⇥ 1002?

2. The diagram shows 6 regions. Each of the regions is to be painted a
single colour, so that no two regions sharing an edge have the same
colour.

What is the smallest number of colours required?

A 2 B 3 C 4 D 5 E 6

Solution

B The figure on the left below shows that with just three colours we can paint the six regions
so that regions sharing an edge are painted di↵erent colours. This shows that at most three
colours are needed.

Since each pair of the regions labelled P, Q and R in the figure on the right shares an edge,
these three regions must be painted di↵erent colours. So at least three colours are needed.

Therefore three is the smallest number of colours required.

P

Q

R

24 October 2014 © UKMT November 2014 2
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3. December 31st 1997 was a Wednesday.

How many Wednesdays were there in 1997?

A 12 B 51 C 52 D 53 E 365

Solution

D As 1997 was not a leap year, there were 365 days in 1997. Since 365 = 52 ⇥ 7 + 1, the
year 1997 was made up of 52 periods of 7 days, together with December 31st which was
a Wednesday. So each of the 52 preceding periods of 7 days began with a Wednesday.
Therefore there were 53 Wednesdays in 1997.

4. After I had spent 1
5 of my money and then spent 1

4 of what was left, I had £15 remaining.

How much did I start with?

A £25 B £75 C £100 D £135 E £300

Solution

A Suppose that I started with £x. After spending 1
5 of my money, I was left with 4

5 of what I
started with. After spending 1

4 of what was left, there remained 3
4 ⇥ 4

5 =
3
5 of what I started

with. Since £15 remained, 3
5 x = 15. Therefore x = 5

3 ⇥ 15 = 25. Therefore, I started with
£25.

5. How many integers between 1 and 2014 are multiples of both 20 and 14?

A 7 B 10 C 14 D 20 E 28

Solution

C An integer is a multiple of both 20 and 14 if, and only if, it is a multiple of their least
common multiple. The least common multiple of 20 and 14 is 140. The integers between 1
and 2014 that are multiples of 140 are 140, 280, 420, 560, . . . and so on. So the number of
integers between 1 and 2014 that are multiples of 140 and hence multiples of both 14 and
20 is the integer part of 2014

140 . Now

2014
140

= 14 +
54
140
,

and it follows that there are 14 integers between 1 and 2014 that are multiples of both 20
and 14.

For investigation

5.1 How many integers are there between 1 and 1000 that are multiples of both 6 and 21?

5.2 How many integers are there between 1 and 106 that are multiples of 2, 3, 5 and 7?

5.3 Show that for all positive integers a and b, an integer is a multiple of both a and b if, and
only if, it is a multiple of the least common multiple of a and b.

24 October 2014 © UKMT November 2014 3
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6. In the addition sum shown, each of the letters T , H , I and S represents a
non-zero digit.

What is T + H + I + S?

A 34 B 22 C 15 D 9 E 7

SIHT
SI+

4102

Solution

B The sum of ‘T HIS’ and ‘IS’ has 4 in the units place. Hence S is either 2 or 7. The digit 1
in the tens column of the sum is odd. If this digit just came from I + I, it would be even. So
there is a carry from the units column to the tens column. Therefore S is 7.

Because I is non-zero, it follows that I is 5. Hence there is a carry from the tens column to
the hundreds column. Therefore H is 9, and so T is 1.

Therefore T + H + I + S = 1 + 9 + 5 + 7 = 22.

For investigation

6.1 Are there any other solutions if the restriction that T , H , I and S are non-zero is dropped?

7. According to recent research, global sea levels could rise 36.8 cm by the year 2100 as a
result of melting ice.

Roughly how many millimetres is that per year?

A 10 B 4 C 1 D 0.4 E 0.1

Solution

B The year 2100 is 2100 � 2015 = 85 years away, and 36.8 cm is 368 millimetres. Now
368
85

is approximately
360
90

, that is, 4.

Remark

The key idea here is to replace the numbers 368 and 85 by approximations, say, a and b, so that

the fraction
a
b

is easy to evaluate and is su�ciently close to
368
85

. Other choices are possible.

For investigation

7.1 Find without using a calculator approximations to the values of the following fractions

(a)
4783
77

, (b)
34 689

683
, (c)

725 546
239

.

7.2 The mean distance of the earth from the sun is 1.496 ⇥ 108 km. The velocity of light is
299 792 km per second. Without using a calculator estimate the number of minutes it
takes light from the sun to reach the earth.

24 October 2014 © UKMT November 2014 4
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8. The diagram shows four sets of parallel lines, containing 2, 3, 4
and 5 lines respectively.

How many points of intersection are there?

A 54 B 63 C 71 D 95 E 196

Solution

C When a set of p parallel lines intersects a set of q parallel lines, each line of the first set meets
each line of the second set and so there are p⇥ q points of intersection. Here there are 4 sets
of parallel lines, and there are 6 pairs of these sets that intersect each other. The total number
of intersections is 2⇥3+2⇥4+2⇥5+3⇥4+3⇥5+4⇥5 = 6+8+10+12+15+20 = 71.

9. Which of the following is divisible by 9?

A 102014 + 5 B 102014 + 6 C 102014 + 7 D 102014 + 8
E 102014 + 9

Solution

D When written in standard notation, the number 102014 � 1 consists of a string of 2014
consecutive occurrences of the digit 9. It follows that 102014 � 1 is divisible by 9.

Another way to see this is to use the identity xn � 1 = (x � 1)(xn�1 + xn�2 + · · · + x + 1). It
follows that xn � 1 is divisible by x � 1. Hence, putting x = 10 and n = 2014, we see that
102014 � 1 is divisible by 9. For a third method see Problem 9.3.

Therefore when 102014 is divided by 9, the remainder is 1. That is, 102014 = 9n + 1 for some
integer n.

It follows that 102014 + 5 = 9n + 6, 102014 + 6 = 9n + 7, 102014 + 7 = 9n + 8, 102014 + 8 =
9n+ 9 = 9(n+ 1) and 102014 + 9 = 9n+ 10 = 9(n+ 1) + 1. From this we see that 102014 + 8
is divisible by 9, but no other number given as an option is divisible by 9.

For investigation

9.1 For which value of n, with 1  n  9, is 102015 + n divisible by 9?

9.2 What is the remainder when 102014 is divided by 11?

9.3 Another method is to use the fact that:

When a positive integer is divided by 9 the remainder is the same as when the sum of
its digits is divided by 9.

Note that it follows that:

A positive integer is divisible by 9 if, and only if, the sum of its digits is divisible by 9.

(a) Use these facts to answer Question 9.

(b) Explain why the facts above are correct.

24 October 2014 © UKMT November 2014 5
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10. A rectangle has area 120 cm2 and perimeter 46 cm.

Which of the following is the length of each of the diagonals?

A 15 cm B 16 cm C 17 cm D 18 cm E 19 cm

Solution

C Suppose that the length of the rectangle is a cm and its width is b cm. The rectangle has
area 120 cm2, and therefore ab = 120. The rectangle has perimeter 46 cm, and therefore
2a + 2b = 46. Hence a + b = 23. By Pythagoras’ Theorem, the length of the diagonal, in
centimetres, is

p
a2 + b2. Now

a2 + b2 = (a + b)2 � 2ab = 232 � 240 = 529 � 240 = 289 = 172.

It follows that
p

a2 + b2 = 17, and hence that each diagonal has length 17 cm.

Remarks

Notice that in the above solution we did not need to work out the values of a and b separately in
order to evaluate a2 + b2 because we are able to express a2 + b2 in terms of a + b and ab.

We can generalize this. A polynomial in more than one unknown is said to be a symmetric
polynomial if, however, we swap round the unknowns, the resulting polynomial is equivalent to
the one we started with. For example, the polynomial a + b is symmetric because if we swap
round a and b we get the polynomial b + a, which is equivalent to the polynomial a + b that we
started with.

Another example is the polynomial a2b + ab2. If we swap round a and b in this polynomial we
obtain the polynomial b2a + ba2, which is equivalent to the polynomial we started with.

We can have symmetric polynomials with more than two unknowns. For example, the polynomial
ab + bc + ca is a symmetric polynomial in the three unknowns a, b and c. If, for example, in
this polynomial we replace a by c, c by b and b by a, we obtain the polynomial ca + ab + bc
which is equivalent to the original polynomial.

The elementary symmetric polynomials in the two unknowns a and b are the polynomials a + b
and ab. The Fundamental Theorem on Symmetric Polynomials says that every other symmetric
polynomial in the two unknowns a and b and with integer coe�cients can be obtained from
these elementary symmetric polynomials just using addition, subtraction and multiplication.

For example, in the solution to Question 10 we obtained a2 + b2 by multiplying the elementary
symmetric polynomial a + b by itself to get (a + b)2, and then subtracting the elementary
symmetric polynomial ab twice, so that we ended up with (a + b)2 � 2ab.

The elementary symmetric polynomials in the three unknowns a, b and c are a+b+c, ab+bc+ca
and abc. The Fundamental Theorem also tells us that every symmetric polynomial in the three
unknowns a, b and c with integer coe�cients can be obtained from the elementary ones using
just addition, subtraction and multiplication. It can be generalized to cover the case of symmetric
polynomials in any finite number of unknowns.

You are asked to explore these ideas in the following problems, after first being asked to find the
values of a and b in Question 10.

24 October 2014 © UKMT November 2014 6
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For investigation

10.1 Find the length and width of the rectangle in Question 10.

10.2 Which of the following are symmetric polynomials?

(a) a5 + b5,

(b) 2a2b + 3ab2,

(c) a2b + b2c + c2a,

(d) a4 + b4 + c4.

10.3 Express the following symmetric polynomials in terms of the elementary symmetric
polynomials a + b and ab.

(a) a2b + ab2,

(b) a3 + b3,

(c) a4 + b4.

10.4 You are given that a + b = 7 and ab = 5. Evaluate a3 + b3.

10.5 Express the symmetric polynomial a3 + b3 + c3 in terms of the elementary symmetric
polynomials a + b + c, ab + bc + ca and abc.

10.6 Find a proof of the Fundamental Theorem on Symmetric Polynomials.

11. A Mersenne prime is a prime of the form 2p � 1, where p is also a prime.

One of the following is not a Mersenne prime. Which one is it?

A 22 � 1 B 23 � 1 C 25 � 1 D 27 � 1 E 211 � 1

Solution

E The options have the form 2p � 1, for p = 2, 3, 5, 7 and 11, respectively. All these values
of p are primes. So we need to find out which of the options is not itself a prime.

We see that 22 � 1 = 3, 23 � 1 = 7, 25 � 1 = 31 and 27 � 1 = 127 are all prime. So it must
be that the remaining option, 211 � 1, is not prime.

In the context of the SMC that is all you need do, but for a complete solution we need to
check that 211 � 1 is indeed not prime. This is not immediately obvious, but you can check
that 211 � 1 = 2047 = 23 ⇥ 89 and so is not prime.

24 October 2014 © UKMT November 2014 7
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12. Karen has three times the number of cherries that Lionel has, and twice the number of
cherries that Michael has. Michael has seven more cherries than Lionel.

How many cherries do Karen, Lionel and Michael have altogether?

A 12 B 42 C 60 D 77 E 84

Solution

D Suppose that Karen has x cherries. Then Lionel has 1
3 x cherries and Michael has 1

2 x cherries.
Michael has seven more cherries than Lionel and so 1

2 x � 1
3 x = 7. Therefore

� 1
2 � 1

3
�
x = 7,

that is,
� 3�2

6
�
x = 7, and hence 1

6 x = 7. Therefore x = 42. It follows that Karen has 42
cherries, Lionel has 14 cherries and Michael has 21 cherries. So they have 42+14+21 = 77
cherries between them.

For investigation

12.1 The fractions in this solution could be avoided by supposing that Karen has 6x cherries.
Rework the solution using this assumption.

12.2 Find a formula for the total number of cherries they have between them if Karen has p
times the number of cherries that Lionel has, and q times the number of cherries that
Michael has, and Michael has c more cherries than Lionel.

24 October 2014 © UKMT November 2014 9
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13. Each of the five nets P, Q, R, S and T is made from six squares. Both sides of each square
have the same colour. Net P is folded to form a cube.

P Q R S T

How many of the nets Q, R, S and T can be folded to produce a cube that looks the same
as that produced by P?

A 0 B 1 C 2 D 3 E 4

Solution

E Each net folds to make a cube with three white and three grey faces. There are two
possibilities for such a cube. Either the three grey faces meet at a common vertex, or they
do not have a vertex in common.

If the three grey faces meet at a common vertex, the cube looks like the one on the left
below, where the top, back and right-hand faces are grey.

If the grey faces do not have a vertex in common then the cube looks like the one on the
right below, where the top, left-hand and right-hand faces are grey.

It the nets are folded, the nets P, Q, R, S and T make cubes where the three grey faces do
not have a vertex in common. So they all form a cube which looks like the cube on the
right above. Hence all four of Q, R, S and T fold to make a cube that looks the same as that
produced by P.

24 October 2014 © UKMT November 2014 10
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14. Given that
3x + y

x � 3y
= �1, what is the value of

x + 3y
3x � y

?

A �1 B 2 C 4 D 5 E 7

Solution

E From
3x + y

x � 3y
= �1, it follows that 3x + y = �(x � 3y), that is, 3x + y = �x + 3y. Hence

4x = 2y and so y = 2x. Therefore

x + 3y
3x � y

=
x + 6x

3x � 2x

=
7x
x

= 7.

For investigation

14.1 It is, in fact, possible to evaluate
x + 3y
3x � y

directly from the given value for
3x + y

x � 3y
without

the need to find y in terms of x. However this involves rather more work!

(a) Show that

x + 3y
3x � y

=

3
✓3x + y

x � 3y

◆
� 4

4
✓3x + y

x � 3y

◆
+ 3
.

(b) Use the result of part (a) to verify that
x + 3y
3x � y

= 7.

14.2 (a) Find values for a, b, c and d so that

a
✓3x + y

x � 3y

◆
+ b

c
✓3x + y

x � 3y

◆
+ d
=

x + y

x � y
.

(b) Use the result of part (a) to evaluate
x + y

x � y
, given that

3x + y

x � 3y
= 5.
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15. The figure shown alongside is made from seven small squares. Some
of these squares are to be shaded so that:

(i) at least two squares are shaded;
(ii) two squares meeting along an edge or at a corner are not both

shaded.

How many ways are there to do this?

A 4 B 8 C 10 D 14 E 18

Solution

C We solve this problem by listing all the shadings which satisfy the given
conditions. It helps to label the squares as shown. We can then indicate
a particular shading by specifying the squares that have been shaded.
For example, by “the shading PST” we mean the shading in which the
squares labelled P, S and T are those that are shaded.

P

Q R S

T U V

We say that a shading is correct if it satisfies the conditions (i) and (ii) specified in the
question.

To ensure that we get the right answer we need to list the correct shadings in a systematic
way so that we can be sure that only correct shadings are included in our list, and that every
correct shading occurs exactly once.

We do this by considering the squares in the alphabetical order of their labels.

So we first consider correct shadings in which P is shaded. We see that if P is shaded then
Q and R cannot be shaded. If, in addition to P, we shade S, then the only other square that
could be shaded is T . So there are just two correct shadings in which P and S are shaded,
namely PS and PST .

If P is shaded but S is not shaded, then the only possibilities are to to shade just T , or T and
V , or just U , or just V . So there are four correct shadings PT , PTV , PU and PV in which P
is shaded but S is not shaded.

Next we consider the cases where P is not shaded. If then Q is shaded, we cannot shade R,
Tor U and the only possibility is to shade just one of S and V . So we get two more correct
shadings QS and QV .

If we continue in this way we obtain the following list of all the correct shadings: PS, PST ,
PT , PTV , PU, PV , QS, QV , ST , TV . We see that there are 10 of them.
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16. The diagram shows a rectangle measuring 6 ⇥ 12 and a circle.

The two shorter sides of the rectangle are tangents to the circle.
The circle and rectangle have the same centre.

The region that lies inside both the rectangle and the circle is
shaded. What is its area?

A 12⇡ + 18
p

3 B 24⇡ � 3
p

3 C 18⇡ � 8
p

3
D 18⇡ + 12

p
3 E 24⇡ + 18

p
3

Solution

A We let O be the centre of the circle and we let P, Q,R and S be the points where the rectangle
meets the circle, as shown.

The shaded region is made up of the two triangles, POS and QOR, and the two sectors
OPQ and ORS of the circle. We calculate their areas separately.

P

Q R

S

T

O
T

O

P

We first note that, as the shorter sides of the rectangle are tangents to the circle, the radius of
the circle is half the length of the rectangle. So the circle has radius 6.

Let T be the point where the perpendicular from O to PS meets PS. In the right-angled
triangle POT , the hypotenuse OP has length 6, as it is a radius of the circle, and OT , being
half the width of the rectangle, has length 3. Therefore by Pythagoras’ Theorem the length
of PT is

p
62 � 32 =

p
27 = 3

p
3. Similarly T S = 3

p
3. Therefore PS has length 6

p
3

and the area of triangle OPS is 1
2 (base ⇥ height) = 1

2 (6
p

3 ⇥ 3) = 9
p

3. Similarly, triangle
QOR has area 9

p
3.

Since OT is half the length of OP, the triangle OT P is half of an equilateral triangle. It
follows that \POT = 60°. Similarly \SOT = 60°. Because the angles at O on the straight
line QOS have sum 180°, it follows that, also, \POQ = 60°.

Therefore the area of the sector OPQ is one-sixth that of the circle. The circle has radius
6, and hence its area is ⇡(62), that is, 36⇡. So the area of the sector OPQ is 1

6 (36⇡) = 6⇡.
Similarly, the sector ORS has area 6⇡.

Therefore the area that is shaded is (2 ⇥ 9
p

3) + (2 ⇥ 6⇡) = 18
p

3 + 12⇡.
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17. An oil tanker is 100 km due north of a cruise liner. The tanker sails SE at a speed of 20
kilometres per hour and the liner sails NW at a speed of 10 kilometres per hour.

What is the shortest distance between the two boats during the subsequent motion?

A 100 km B 80 km C 50
p

2 km D 60 km E 331
3 km

Solution

C Let O and C be the initial positions of the oil tanker and
the cruise liner, and let P and D be their positions when
they are their shortest distance apart.

Because the oil tanker is sailing SE, \COP = 45°. Be-
cause the cruise liner is sailing NW, \DCO = 45°.

Because the alternate angles, \COP and \DCO, are
equal, CD is parallel to OP. Therefore PD is perpendic-
ular to the paths of both ships, and hence has the same
length as the perpendicular, CQ, from C to the path of
the oil tanker. Let this length be x km.

O

C

P
Q

D

In the triangle OQC, \OQC is a right angle and \COQ = 45°. It follows that the triangle
OQC is a right-angled isosceles triangle. So the length of OQ is the same as that of CQ,
namely x km. The tanker is initially 100 km north of the liner and therefore OC has length
100 km.

By Pythagoras’ Theorem applied to this triangle, x2 + x2 = 1002. So 2x2 = 1002. It follows
that

x =
100p

2
= 50

p
2.

Alternatively, we could use trigonometry, to give x = 100 cos 45° = 100 ⇥ 1p
2
= 50

p
2.

Remark

Note that in order to solve this problem we did not need to locate the positions of the ships when
they are at their shortest distance apart. The speeds of the ships are not relevant. These speeds
a↵ect the time and the positions of the ships when they are at their closest distance apart, but not
what this distance is.

For investigation

17.1 Assume that the two ships set o↵ at the same time. How far will each of them have
travelled when they are at their shortest distance apart?

17.2 Assume that the two ships set o↵ at the same time. How long does it take them to reach
the positions at which they are at their shortest distance apart?

17.3 The question and the solution both implicitly assume that the ships are on a flat sea to
which the standard facts of two-dimensional Euclidean geometry are applicable, rather
than on the almost spherical surface of the Earth. How good an approximation to the
actual shortest distance do you think this gives?
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18. Beatrix decorates the faces of a cube, whose edges have length 2. For each
face, she either leaves it blank, or draws a single straight line on it. Every
line joins the midpoints of two edges, either opposite or adjacent, as shown.

What is the length of the longest unbroken line that Beatrix can draw on the
cube?

A 8 B 4 + 4
p

2 C 6 + 3
p

2 D 8 + 2
p

2
E 12

Solution

D Since a cube has 6 faces, no unbroken path can contain
more than 6 lines. The diagram shows an unbroken path
PQRSTUV made up of 6 lines: 4 lines joining midpoints
of opposite edges, each of length 2; and 2 lines joining
midpoints of adjacent edges, each of length

p
2. So the

path shown has length 4 ⇥ 2 + 2 ⇥
p

2 = 8 + 2
p

2.

To complete the solution, we need to show that it is not
possible to draw a longer unbroken line on the cube.

P

Q

R

ST

U

V

W

It will be convenient to call a line joining the midpoint of opposite edges an o-line, and a
line joining the midpoints of adjacent edges an a-line.

We cannot have a path made up of 6 o-lines, because 4 consecutive o-lines form a closed
path which cannot be extended.

So to have a path whose length is greater than 8 + 2
p

2 (which consists of 4 o-lines and 2
a-lines) we would need to have 5 o-lines and 1 a-line. A path of this form, if it exists, as it
includes just one a-line, must include at least three consecutive o-lines, and, by the earlier
remark, it cannot include 4 consecutive o-lines.

Now consider a path made up of 3 consecutive o-lines. For example, consider the path
PQRW . As we have seen, if we extend this path with a fourth o-line it becomes closed
and we could not continue it any further. So to obtain a path with 5 o-lines and 1 a-line we
would need to continue it with an a-line, for example WT , to make the path PQRWT . But
now the only line that could be added to this path is either an a-line or an o-line on the top
face. We could not add a sixth line to this path. This would also be true if we extended the
path PQRW by adding the a-line UP.

So there is no path made up of 5 o-lines and 1 a-line.

Hence the longest path that can be drawn has length 8 + 2
p

2.
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19. The diagram shows a quadrant of radius 2, and two touching
semicircles. The larger semicircle has radius 1. What is the
radius of the smaller semicircle?

A
⇡

6
B
p

3
2

C
1
2

D
1p
3

E
2
3

Solution

E Let the smaller semicircle have radius x. Let O be the
centre of the larger semicircle and let P be the centre
of the smaller semicircle. Let Q be the centre of the
quadrant, let R be the point where the semicircles meet,
and let S and T be the points shown in the diagram.

Because OQ is a radius of the larger semicircle, it has
length 1. As PS is a radius of the smaller circle it has
length x, and so PQ has length 2 � x. Since the two
semicircles touch at R, the points O, R and P are in a
straight line and hence OP has length 1 + x.

TOQ

P

S

R
2 � x

x

Therefore, by Pythagoras’ Theorem applied to the right-angled triangle OQP,

(1 + x)2 = 12 + (2 � x)2.

This equation can be expanded to give

1 + 2x + x2 = 1 +
�
4 � 4x + x2� .

It follows that
6x = 4,

and therefore

x =
2
3
.

Remark

Note the useful check: with x = 2
3 , the side lengths of the triangle QOP are given by OQ = 1,

QP = 4
3 and OP = 5

3 . These are in the ratio 3 : 4 : 5, which (using the converse of Pythagoras’
Theorem) confirms that \OQP is a right angle.
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20. The diagram shows six squares with sides of length 2 placed edge-to-
edge.

What is the radius of the smallest circle containing all six squares?

A 2
p

5 B 2
p

6 C 5 D
p

26 E 2
p

7

Solution

A We let O, X , Y and Z be the points shown in the figure on the
right. By Pythagoras’ Theorem the points X , Y and Z are all at
a distance 2

p
5 from O. It is straightforward to check that the

circle with centre O and radius 2
p

5 contains all six squares.
So the radius of the smallest circle containing all six squares is
at most 2

p
5.

In the context of the SMC it is su�cient to note that 2
p

5 is
the smallest of the given options, and so must be the correct
answer.

X

Y Z

O

However, to give a complete mathematical solution we need to show that no circle with a
smaller radius will do.

We have seen that the circle that goes through X , Y and Z includes all six squares. Since
any circle that includes all six squares must include these three points, to complete the proof
all we need show is that the circle that goes through X , Y and Z is the smallest circle which
includes all these three points.

The circle that goes through the vertices of a triangle is called the circumcircle of the
triangle.

We note first that XY Z is an acute-angled triangle. You are asked to check this in Problem
20.1.

It will therefore be su�cient to prove the general result:

If PQR is an acute-angled triangle then the smallest circle that includes PQR is its
circumcircle.

At first sight this may seem obvious. However, the condition that the triangle is acute-angled
is essential.

You are asked to show in Problem 20.5 that the circumcircle of a triangle with an obtuse
angle is not the smallest circle that includes the triangle.

So things are a little more subtle than might first appear. Somewhere our argument must use
the fact that we are dealing with a triangle all of whose angles are acute. Watch out for the
step where this is used.
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21. Fiona wants to draw a 2-dimensional shape whose perime-
ter passes through all of the points P, Q, R and S on the
grid of squares shown.

Which of the following can she draw?

(i) A circle
(ii) An equilateral triangle

(iii) A square

P

Q R

S

A only (i) and (ii) B only (ii) and (iii) C only (i) and (iii)
D all of (i), (ii) and (iii) E none of (i), (ii) and (iii)

Solution

B The figure on the left below shows that it is possible to draw a square through the points
P, Q, R and S. The figure on the right shows that it is also possible to draw an equilateral
triangle through these points.

P

Q R

S P

Q R

S

We now show that it is not possible to draw a circle through these four points.

The centre of each circle through the points Q and
R is equidistant from Q and R and hence lies on
the perpendicular bisector, l, of QR.

Similarly the centre of each circle through the
points P and S lies on the perpendicular bisector,
m, of PS.

The lines l and m are each perpendicular to the
horizontal lines of the grid and so they are parallel.
So there is no point which is on both lines.

It follows that there is no point equidistant from
P, Q, R and S. Therefore there is no circle which
goes through these four points.

P

Q R

S

` m

It follows that B is the correct option.
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22. A bag contains m blue and n yellow marbles. One marble is selected at random from the
bag and its colour is noted. It is then returned to the bag along with k other marbles of the
same colour. A second marble is now selected at random from the bag.

What is the probability that the second marble is blue?

A
m

m + n
B

n
m + n

C
m

m + n + k
D

m + k
m + n + k

E
m + n

m + n + k

Solution

A In the context of the SMC it is su�cient to eliminate those options which cannot be correct
for all possible values of m, n and k.

The probability that the second marble selected is blue is 0 if m = 0, and is 1 if n = 0. Only
the formula given in option A meets both these requirements. So, assuming that one of the
options is correct, it must be option A.

However, for a complete mathematical solution we need to give an argument to show that
the formula given in option A is correct. We do this as follows.

The probability that the first marble selected is blue is
m

m + n
. If the first marble chosen is

blue, it and k other blue marbles are put in the bag, which now contains m + n + k marbles
of which m + k are blue. So the probability now that the second marble that is selected is

blue is
m + k

m + n + k
. Therefore the probability that the first marble selected is blue and the

second marble selected is blue is
✓ m

m + n

◆ ✓ m + k
m + n + k

◆
.

The probability that the first marble selected is yellow is
n

m + n
. If the first marble selected

is yellow, it and k other yellow marbles are placed in the bag, which now contains m + n+ k
marbles of which m are blue. So the probability now that the second marble that is selected
is blue is

m
m + n + k

. Therefore the probability that the first marble selected is yellow and

the second marble that is selected is blue is
✓ n

m + n

◆ ✓ m
m + n + k

◆
.

Hence the overall probability that the second marble selected is blue is
✓ m

m + n

◆ ✓ m + k
m + n + k

◆
+

✓ n
m + n

◆ ✓ m
m + n + k

◆
=

m(m + k) + mn
(m + n)(m + n + k)

=
m(m + n + k)

(m + n)(m + n + k)
=

m
m + n

.

Remark

Notice that this probability is independent of the value of k and is the same as the probability
that the first marble selected is blue. We have been unable to find an explanation of why this is
so other than the calculation given in the solution. If you have a more straightforward way to
explain this, please let us know!
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23. Which of the following have no real solutions?

(i) 2x < 2x < x2 (ii) x2 < 2x < 2x (iii) 2x < x2 < 2x (iv) x2 < 2x < 2x
(v) 2x < 2x < x2 (vi) 2x < x2 < 2x

A (i) and (iii) B (i) and (iv) C (ii) and (iv) D (ii) and (v)
E (iii) and (v)

Solution

E We can deduce from the wording of the question that four of the given inequalities have
solutions and two do not.

In the context of the SMC it is su�cient to find numerical solutions for four of the inequali-
ties, because this will eliminate all but one of the given options.

After trying various values for x it turns out that we need only consider the values �1, 1
2 , 3

2
and 5 (other choices will also work).

When x = �1, we have 2x = �2, 2x = 1
2 and x2 = 1. So in this case 2x < 2x < x2.

Therefore (i) has a solution.

When x = 1
2 , we have x2 = 1

4 , 2x = 1 and 2x =
p

2. So in this case x2 < 2x < 2x .
Therefore (ii) has a solution.

When x = 3
2 , we have x2 = 9

4 , 2x = 2
p

2 and 2x = 3. So in this case x2 < 2x < 2x.
Therefore (iv) has a solution.

Finally, when x = 5, we have 2x = 10, x2 = 25 and 2x = 32. So in this case 2x < x2 < 2x .
Therefore (vi) has a solution.

We can therefore deduce that it is inequalities (iii) and (v) that do not have solutions.

However, a complete mathematical solution requires us to prove that (iii) and (v) have no
solutions.

One approach might be to draw the graphs of the functions, and you are asked to do this in
Problem 23.2 below. However, this leaves open the question as to how we can be sure that
the information derived from the graphs is correct. After all, we cannot draw a graph which
shows the full range of values of x. So this approach wouldn’t count as a fully rigorous
argument.

A fully rigorous argument which does not rely on drawing a graph uses ideas from advanced
calculus that are not normally met until the first year of a university course. We therefore do
not give this argument here, but Problems 23.3 and 23.4 will begin to lead you in the right
direction.
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For investigation

23.1 In the above solution, in showing that x = 3
2 is a solution of inequality (iv), we used the

fact that 9
4 < 2

p
2 < 3. Show, without using a calculator, that this is correct.

23.2 Draw the graphs of the curves given by y = 2x, y = x2 and y = 2x .

It is di�cult to draw these graphs by hand accurately enough. So it is best to use a
computer graph plotter. This will indicate that there are no values of x for which either
of the inequalities 2x < x2 < 2x or 2x < 2x < x2 holds. However, as mentioned above,
this not a full mathematical solution without an argument to show that the information
derived from the graphs is correct.

23.3 Find the values of x for which x2 = 2x and for which x2 < 2x.

23.4 Find all the solutions of the equations 2x = 2x and 2x = x2. In each case, how can you
be sure that you have found all the solutions?

24. Which of the following is smallest?

A 10 � 3
p

11 B 8 � 3
p

7 C 5 � 2
p

6 D 9 � 4
p

5
E 7 � 4

p
3

Solution

A We first note that 10 � 3
p

11 =
p

100 �
p

99, 8 � 3
p

7 =
p

64 �
p

63, 5 � 2
p

6 =p
25 �

p
24, 9 � 4

p
5 =
p

81 �
p

80, and 7 � 4
p

3 =
p

49 �
p

48. So the options are
given by the formula

p
n + 1 � pn, for n = 99, 63, 24, 80 and 48, respectively.

If we put x =
p

n + 1 and y =
p

n in the di↵erence of two squares identity (x � y)(x + y) =
x2 � y2, we obtain

�p
n + 1 �

p
n
� �p

n + 1 +
p

n
�
= (n + 1) � n = 1.

From this it follows that
p

n + 1 �
p

n =
1p

n + 1 +
p

n
.

Since
p

n + 1 +
p

n increases as n increases, it follows that the larger the value of n the
smaller is the value of

p
n + 1� pn. Therefore the smallest of the given options corresponds

to the largest value of n. So 10 � 3
p

11 is the smallest of the given options.

For investigation

24.1 Arrange the numbers given as the options in Question 24 in order of magnitude, with the
smallest number first, without using a calculator.

24.2 Arrange the following numbers in order of magnitude, with the smallest number first
(again without using a calculator, of course).

6 � 3
p

3, 7 � 2
p

10, 9 � 6
p

2, 11 � 4
p

7, 13 � 4
p

10.
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25. Figure 1 shows a tile in the form of a trapezium, where ↵ = 831
3°. Several copies of the

tile are placed together to form a symmetrical pattern, part of which is shown in Figure 2.
The outer border of the complete pattern is a regular ‘star polygon’. Figure 3 shows an
example of a regular ‘star polygon’.

1

2

1↵ ↵

Figure 1 Figure 2 Figure 3

How many tiles are there in the complete pattern?

A 48 B 54 C 60 D 66 E 72

Solution

B The figure on the right shows part of the complete pattern.
The heavier lines form part of the border of the ‘star
polygon’.

The complete pattern is made up of an even number of
tiles. Let the number of tiles be 2n, where n is a positive
integer. ↵

↵
�

The ‘star polygon’ has 2n edges and so it has 2n internal angles. From the figure we see that
n of these angles have size ↵ and n of them have size �, where � = ↵ + 180°. Therefore the
sum of the internal angles of the ‘star polygon’ is n↵ + n(↵ + 180°), that is, n(2↵ + 180°).
Since ↵ = 831

3°, 2↵ + 180° = 1040°
3 . So the sum of the internal angles is n ⇥ 1040°

3 .

On the other hand, the sum of the internal angles of a polygon with 2n edges is (2n�2)⇥180°.

The two expressions we have obtained for the sum of the internal angles are equal, and so
we have

(2n � 2) ⇥ 180 = n ⇥ 1040
3
.

This last equation may be rearranged to give
 
360 � 1040

3

!
n = 360,

that is,
40
3

n = 360,

from which it follows that

n =
3
40
⇥ 360

= 27.
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1. Which of these is the largest number?

A 2 + 0 + 1 + 3 B 2 ⇥ 0 + 1 + 3 C 2 + 0 ⇥ 1 + 3 D 2 + 0 + 1 ⇥ 3
E 2 ⇥ 0 ⇥ 1 ⇥ 3

Solution

A We calculate the value of each of the given options in turn.

(a) 2 + 0 + 1 + 3 = 6

(b) 2 ⇥ 0 + 1 + 3 = 0 + 1 + 3 = 4

(c) 2 + 0 ⇥ 1 + 3 = 2 + 0 + 3 = 5

(d) 2 + 0 + 1 ⇥ 3 = 2 + 0 + 3 = 5

(e) 2 ⇥ 0 ⇥ 1 ⇥ 3 = 0

So option A gives the largest number.

Remarks

You may have obtained the wrong answer if you interpreted 2+0+1 ⇥ 3 to mean ((2+0)+1) ⇥ 3
rather than 2 + 0 + (1 ⇥ 3). It is a standard convention (sometimes known as BIDMAS or
BODMAS) that in evaluating an expression such as 2 + 0 + 1 ⇥ 3, the multiplications are
carried out before the additions. We do not just carry out the operations from left to right. So in
calculating 2 + 0 + 1 ⇥ 3, the multiplication 1 ⇥ 3 is done before the additions.

A decent calculator will produce the correct answer 5 if you press the keys

2 + 0 + 1 ⇥ 3 =

in this order. If your calculator produces a di↵erent answer, you should replace it!

2. Little John claims he is 2 m 8 cm and 3 mm tall.

What is this height in metres?

A 2.83 m B 2.803 m C 2.083 m D 2.0803 m E 2.0083 m

Solution

C One metre is 100 centimetres. So 1 cm = 0.01 m and 8 cm = 0.08 m. Similarly, one metre is
1000 millimetres. So 1 mm = 0.001 m and 3 mm = 0.003 m. Therefore Little John’s height
is 2 m + 0.08 m + 0.003 m = 2.083 m.
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3. What is the ‘tens’ digit of 20132 � 2013?

A 0 B 1 C 4 D 5 E 6

Solution

D The ‘tens’ digit of 20132�2013 is the same as that of 132�13. Since 132�13 = 169�13 =
156, the ‘tens’ digit of 20132 � 2013 is 5.

Remarks

Our comment that the ‘tens’ digit of 20132 � 2013 is the same as that of 132 � 13 uses the fact
that 20132 � 2013 = (2000 + 13)2 � 2013 = (20002 + 2 ⇥ 2000 ⇥ 13 + 132) � (2000 + 13) =
4000000+ 52000 � 2000+ 132 � 13. It is now clear that only the last two terms, that is, 132 � 13,
can have any e↵ect on the ‘tens’ and ‘units’ digits of the answer.

A more sophisticated way to say this is to use the language and notation of modular arithmetic,
which you may already have met. Using this notation we write a ⌘ b (mod n) to mean that
a and b have the same remainder when divided by n. For example, 2013 ⌘ 13 (mod 100)
and 156 ⌘ 56 (mod 100). Then we can say that 20132 � 2013 ⌘ 132 � 13 (mod 100) and
132 � 13 ⌘ 56 (mod 100). It follows that 20132 � 2013 ⌘ 56 (mod 100). Thus 20132 � 2013
has remainder 56 when divided by 100. So its last two digits are 5 and 6. In particular its ‘tens’
digit is 5 and its ‘units’ digit is 6.

For investigation

3.1 Find the ‘tens’ digits of (a) 20142 � 2014 and (b) 20133 � 20132.

3.2 Find the ‘tens’ and ‘units’ digits of (a) 20112011 and (b) 20132013.
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4. A route on the 3 ⇥ 3 board shown consists of a number of steps. Each
step is from one square to an adjacent square of a di↵erent colour.

How many di↵erent routes are there from square S to square T which
pass through every other square exactly once?

A 0 B 1 C 2 D 3 E 4

S

T

Solution

C For convenience, label the other squares as in the left-hand figure. The first move of a route
from S to T must be either S!M or S!Q. It is easy to see that a route that visits all the
squares must include both the sequence M!K!L and the sequence Q!R!P. Hence, we
see that there are just two routes that meet all the required conditions; these are shown in
two figures on the the right.

K L T
M N P
S Q R

For investigation

4.1 Consider the analogous problem for a 4 ⇥ 4 board. How many di↵erent
routes are there from square S to square T which pass through every
other square exactly once?

S

T

4.2 Now consider the analogous problem for a 5 ⇥ 5 board.

4.3 Now consider the general case of an n ⇥ n board.

note

By considering the problem with a 4 ⇥ 4 board, you should see that the case where n is
even is not di�cult. However, the case where n is odd is seemingly much more di�cult,
and we don’t know a general formula for this case. Please let us know if you manage to
make any progress with this.

5. The numbers x and y satisfy the equations x(y + 2) = 100 and y(x + 2) = 60.

What is the value of x � y?

A 60 B 50 C 40 D 30 E 20

Solution

E The two equations expand to give xy + 2x = 100 and xy + 2y = 60. It follows that
(xy + 2x) � (xy + 2y) = 100 � 60. That is, 2x � 2y = 40. Hence 2(x � y) = 40 and so
x � y = 20.
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For investigation

5.1 The wording of the question implies that there are numbers x and y which satisfy the
equations x(y + 2) = 100 and y(x + 2) = 60. Check that this is correct by finding real
numbers x and y which satisfy both the equations x(y + 2) = 100 and y(x + 2) = 60.

5.2 Show that there are no real numbers x and y such that x(y+2) = �100 and y(x+2) = �80.

note

There are complex number solutions of these equations, and, if x and y are complex
numbers which satisfy these equations, then x � y = �10. [If you don’t know what
complex numbers are, ask your teacher.]

6. Rebecca went swimming yesterday. After a while she had covered one fifth of her intended
distance. After swimming six more lengths of the pool, she had covered one quarter of
her intended distance.

How many lengths of the pool did she intend to complete?

A 40 B 72 C 80 D 100 E 120

Solution

E We have 1
4 � 1

5 =
1

20 . So the six additional lengths make up 1
20 of Rebecca’s intended

distance. So the number of lengths she intended to complete was 20 ⇥ 6 = 120.

7. In a ‘ninety nine’ shop all items cost a number of pounds and 99 pence. Susanna spent
£65.76.

How many items did she buy?

A 23 B 24 C 65 D 66 E 76

Solution

B Let k be the number of items that Susanna bought. The cost of these is a whole number
of pounds and 99k pence, that is, a whole number of pounds less k pence. Susanna spent
£65.76, that is, a whole number of pounds less 24 pence. It follows that k pence is a whole
number of pounds plus 24 pence. So k is 24 or 124 or 224 or . . . . . However, since each
item costs at least 99 pence and Susanna spent £65.76 pence, she bought at most 66 items.
So k is 24.

For investigation

7.1 Is it possible to spend £20.76 in a ‘ninety nine’ shop?

7.2 For which non-negative integers m and n with n < 100 is it possible to spend m pounds
and n pence in a ‘ninety-nine’ shop?
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8. The right-angled triangle shown has a base which is 4 times its
height. Four such triangles are placed so that their hypotenuses
form the boundary of a large square as shown.

What is the side length of the shaded square in the diagram?

A 2x B 2
p

2x C 3x D 2
p

3x
E
p

15x

x
4x

Solution

B The side length of the large square is 4x and hence the area of this square is 16x2. Each
triangle has base 4x and height x and hence has area 1

2 (4x ⇥ x) = 2x2. So the total area of
these four triangles is 8x2. Therefore the area of the shaded square is 16x2 � 8x2 = 8x2.
Therefore the side length of the shaded square is

p
8x2 =

p
8x = 2

p
2x.

9. According to a headline ‘Glaciers in the French Alps have lost a quarter of their area in
the past 40 years’.

What is the approximate percentage reduction in the length of the side of a square when it
loses one quarter of its area, thereby becoming a smaller square?

A 13% B 25% C 38% D 50% E 65%

Solution

A Suppose that a square of side length 1, and hence area 1, has side length x when it loses one
quarter of its area. Then x2 = 3

4 and so x =
p

3
2 . Now 1.72 = 2.89 and so 1.7 <

p
3. Hence

0.85 <
p

3
2 . So the length of the side of the smaller square is at least 85% of its original

value. Therefore the reduction in its length is less than 15%. So, of the given options, it
must be that 13% is correct.
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10. Frank’s teacher asks him to write down five integers such that the median is one more
than the mean, and the mode is one greater than the median. Frank is also told that the
median is 10.

What is the smallest possible integer that he could include in his list?

A 3 B 4 C 5 D 6 E 7

Solution

B The median of the five numbers is 10, hence the mean is 9 and the mode is 11. For the mode
to be 11, Frank’s list must include more 11s than any other integer. It cannot include three
or more 11s, since then the median would be 11. So two of the integers are 11, and the
other three integers are all di↵erent. For the median to be 10, 10 must be one of the integers,
and the list must include two integers that are less than 10 and two that are greater than 10.
Hence the five integers are a, b, 10, 11, 11 where a, b are two di↵erent integers both less
than 10. Say a < b. Since the mean is 9, we have a + b + 10 + 11 + 11 = 5 ⇥ 9 = 45 and
therefore a + b = 13. The largest value that b can take is 9, and hence the smallest possible
value for a is 4.

11. The diagram shows a circle with centre O and a triangle
OPQ. Side PQ is a tangent to the circle. The area of the
circle is equal to the area of the triangle.

O

P Q

What is the ratio of the length of PQ to the circumference of the circle?

A 1 : 1 B 2 : 3 C 2 : ⇡ D 3 : 2 E ⇡ : 2

Solution

A Suppose that the circle has radius r and that PQ has length x. The height of the triangle
OPQ is the length of the perpendicular from O to PQ. Since PQ is a tangent to the circle,
this perpendicular is a radius of the circle and so has length r . Therefore the area of triangle
OPQ is 1

2 xr . The area of the circle is ⇡r2. Since these areas are equal 1
2 xr = ⇡r2, and hence

x = 2⇡r . So the length of PQ is the same as the circumference of the circle. So the ratio of
their lengths is 1 : 1.
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12. As a special treat, Sammy is allowed to eat five sweets from his very large jar which
contains many sweets of each of three flavours – Lemon, Orange and Strawberry. He
wants to eat his five sweets in such a way that no two consecutive sweets have the same
flavour.

In how many ways can he do this?

A 32 B 48 C 72 D 108 E 162

Solution

B Sammy has a choice of 3 flavours for the first sweet that he eats. Each of the other sweets
he eats cannot be the same flavour as the sweet he has just eaten. So he has a choice of 2
flavours for each of these four sweets. So the total number of ways that he can make his
choices is 3 ⇥ 2 ⇥ 2 ⇥ 2 ⇥ 2 = 48.

For investigation

12.1 What would the answer be if Sammy had sweets with four di↵erent flavours in his jar?

12.2 Find a formula for the number of ways if Sammy is allowed to eat k sweets and has
sweets of n di↵erent flavours in his jar.

13. Two entrants in a school’s sponsored run adopt di↵erent tactics. Angus walks for half the
time and runs for the other half, whilst Bruce walks for half the distance and runs for the
other half. Both competitors walk at 3 mph and run at 6 mph. Angus takes 40 minutes to
complete the course.

How many minutes does Bruce take?

A 30 B 35 C 40 D 45 E 50

Solution

D Angus walks for 20 minutes at 3 mph and runs for 20 minutes at 6 mph. 20 minutes is
one-third of an hour. So the number of miles that Angus covers is 3 ⇥ 1

3 + 6 ⇥ 1
3 = 6.

Bruce covers the same distance. So Bruce walks 1
2 ⇥ 3 miles at 3 mph which takes him 30

minutes and runs the same distance at 6 mph which takes him 15 minutes. So altogether it
takes Bruce 45 minutes to finish the course.
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14. The diagram shows a rectangle PQRS in which PQ : QR = 1 : 2.
The point T on PR is such that ST is perpendicular to PR.

What is the ratio of the area of the triangle RST to the area of the
rectangle PQRS?

A 1 : 4
p

2 B 1 : 6 C 1 : 8 D 1 : 10
E 1 : 12

PQ

R S

T

Solution

D We can suppose that we have chosen units so that the length of RS is 1. So the length of PS
is 2. It follows from Pythagoras’ theorem that the length of PR is

p
12 + 22, that is,

p
5.

The triangles RST and PRS are both right-angled and the angle at R is common to both
triangles. Therefore the triangles are similar. Hence the ratio of their areas is the ratio of
the squares of the lengths of corresponding sides. The lengths of their hypotenuses are in
the ratio 1 :

p
5. Hence, the ratio of the area of triangle RST to the area of triangle PRS is

12 :
p

5
2
, that is, 1 : 5. The area of triangle PRS is half the area of the rectangle. Hence the

ratio of the area of triangle RST to the area of the rectangle is 1 : 10.

For investigation

14.1 The solution shows that the ratio of the area of triangle RST to the area of the rectangle
PQRS is 1 : 10. Is it possible to prove this by dissecting the rectangle PQRS into 10
triangles each congruent to the triangle RST?
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15. For how many positive integers n is 4n � 1 a prime number?

A 0 B 1 C 2 D 3
E infinitely many

Solution

B We give two methods for answering this question. Both methods rely on the following
property of prime numbers: a positive integer p is a prime number if, and only if, the only
way p can be expressed as a product of two positive integers, m and n, is where exactly one
of m and n is 1.

Method 1

The first method uses the fact that when n is a positive integer 4n � 1 is the di↵erence of
two squares and so may be factorized as 4n � 1 = (2n)2 � 12 = (2n + 1)(2n � 1). So 4n � 1
is not a prime, unless one of the factors 2n + 1 and 2n � 1 is equal to 1. Now 2n + 1 cannot
be equal to 1 and 2n � 1 = 1 if, and only if, n = 1. When n = 1, we have 4n � 1 = 3 and so
4n � 1 is prime. So there is just one positive integer n, namely 1, for which 4n � 1 is a prime
number.

Method 2

The second method uses the fact when n is a positive integer x � 1 is a factor of xn � 1,
since, for n � 2,

xn � 1 = (x � 1)(xn�1 + xn�2 + · · · + x + 1).

Hence, putting x = 4, we deduce that, for each positive integer n, 3 is a factor of 4n � 1.
Therefore 4n � 1 is not prime except when n = 1 and 4n � 1 = 3. So there is just one positive
integer n for which 4n � 1 is a prime number.

For investigation

15.1 For how many positive integers n is 5n � 1 a prime number?

15.2 For how many positive integers n is 6n � 1 a prime number?

15.3 Prove the identity used in method 2, that is, that for all integers n � 2,

xn � 1 = (x � 1)(xn�1 + xn�2 + · · · + x + 1).
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16. Andrew states that every composite number of the form 8n + 3, where n is an integer, has
a prime factor of the same form.

Which of these numbers is an example showing that Andrew’s statement is false?

A 19 B 33 C 85 D 91 E 99

Solution

D To show that Andrew’s statement is wrong we need to find a composite number of the form
8n + 3 which does not have any prime factors of this form. This rules out 19 which is not
composite, and both 33 and 85 which are not of the form 8n + 3. The number 99 is of the
form 8n + 3, but it has two prime factors 3 and 11 which are also of this form. So 99 won’t
do either. This leaves 91. We see that 91 = 8 ⇥ 11 + 3, and so it is of the form 8n + 3, but
91 = 7 ⇥ 13 and neither of its prime factors, 7 and 13, is of this form. So the number 91
shows that Andrew’s statement is false.
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17. The equilateral triangle PQR has side length 1. The
lines PT and PU trisect the angle RPQ, the lines RS
and RT trisect the angle QRP and the lines QS and
QU trisect the angle PQR.

What is the side length of the equilateral triangle STU?

A
cos 80°
cos 20°

B 1
3 cos 20° C cos2 20°

D 1
6 E cos 20° cos 80°

P

Q R
S

TU

Solution

A Since the triangle PQR is equilateral, all its three
angles are 60°. So the trisectors divide these into
three 20° angles. In particular \QPU = 20° and
\UPT = 20°. Because of the symmetry of the
figure, QU = PU = PT . So the triangles PQU
and PUT are isosceles. In these triangles, we let
X be the foot of the perpendicular from U to PQ,
and Y be the foot of perpendicular from P to UT .

In the right-angled triangle PXU, \X PU = 20°,
and so PX

PU = cos 20° . Since the length of PX is
1
2 it follows that PU has length 1

2 ÷ cos 20°. In
the right-angled triangle PYU, \UPY = 10° and
therefore \YUP = 80°.

P

Q R

S

TU
X

Y

Therefore, from triangle PYU , cos 80° = UY
PU and hence UY has length PU cos 80°, that is,

1
2
⇥ cos 80°

cos 20°
.

Since the length of UY is half the length of UT , it follows that the length of UT is
cos 80°
cos 20°

.
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18. The numbers 2, 3, 12, 14, 15, 20, 21 may be divided into two sets so that the product of
the numbers in each set is the same.

What is this product?

A 420 B 1260 C 2520 D 6720 E 6 350 400

Solution

C If all the numbers 2, 3, 12,14, 15, 20, 21 are multiplied the result will be the square of the
common product of the two sets with the same product. Now

2 ⇥ 3 ⇥ 12 ⇥ 14 ⇥ 15 ⇥ 20 ⇥ 21

= 2 ⇥ 3 ⇥ (22 ⇥ 3) ⇥ (2 ⇥ 7) ⇥ (3 ⇥ 5) ⇥ (22 ⇥ 5) ⇥ 3 ⇥ 7

= 26 ⇥ 34 ⇥ 52 ⇥ 72

= (23 ⇥ 32 ⇥ 5 ⇥ 7)2.

Therefore the common product is 23 ⇥ 32 ⇥ 5 ⇥ 7 = 2520.

For investigation

18.1 This solution only shows that if the common product exists then it equals 2520. A
complete solution should also show that it is possible to split the numbers 2, 3, 12, 14,
15, 20, 21 into two sets, each of whose products in 2520. Show that this is possible, and
in just one way.

18.2 Devise some other problems of the same type as this one.
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19. The 16 small squares shown in the diagram each have a side length of
1 unit.

How many pairs of vertices are there in the diagram whose distance
apart is an integer number of units?

A 40 B 64 C 108 D 132 E 16

Solution

C Each pair of distinct vertices taken from the same row or from the same
column is an integer number of units (1, 2, 3 or 4 units) apart. There
are 5 vertices in each row and each column, and so 2 vertices may be
chosen from the same row or the same column in

⇣
5
2

⌘
= 10 ways. Since

there are 5 rows and 5 columns this gives 50+50 = 100 pairs of vertices
that are an integer number of units apart.

In addition, since 32 + 42 = 52, it follows from Pythagoras’ theorem that
the opposite vertices of a 3 ⇥ 4 rectangle are 5 units apart. This gives
a further 8 pairs of vertices (forming the end points of the 8 diagonals
shown in the diagrams) which are an integer number of units apart.

There are no other Pythagorean triples, that is, positive integers m, n, q
such that m2 + n2 = q2, where m and n are both less than 5. So we have
found all the pairs of vertices that are an integer number of units apart.
So there are altogether 100 + 8 = 108 pairs of such vertices.

20. The ratio of two positive numbers equals the ratio of their sum to their di↵erence.

What is this ratio?

A
�
1 +
p

3
�

: 2 B
p

2 : 1 C
�
1 +
p

5
�

: 2 D
�
2 +
p

2
�

: 1
E

�
1 +
p

2
�

: 1

Solution

E Let the two numbers be x and y and suppose that x : y = k : 1, so that x = ky. Since the
ratio x + y : x � y is also k : 1, it follows that x + y = k (x � y) and so ky + y = k (ky � y).
Since y is positive, we may divide through by y to obtain k + 1 = k (k � 1).

It follows that k2�2k �1 = 0, and so, using the standard formula for the roots of a quadratic
equation, we get

k =
2 ±
p

4 + 4
2

= 1 ±
p

2.

Since x and y are both positive k > 0, and it follows that k = 1 +
p

2.
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21. The shaded design shown in the diagram is made by drawing
eight circular arcs, all with the same radius. The centres of
four arcs are the vertices of the square; the centres of the four
touching arcs are the midpoints of the sides of the square. The
diagonals of the square have length 1.

What is the total length of the border of the shaded design?

A 2⇡ B 5
2⇡ C 3⇡ D 7

2⇡ E 4⇡

Solution

B The arcs whose centres are the vertices of the square are semi-
circular arcs, and the arcs whose centres are the midpoints of
the sides of the square form three-quarter circles. Let all these
arcs have radius r . Then the length of the border is

4 ⇥
⇣

1
2 ⇥ 2⇡r

⌘
+ 4 ⇥

⇣
3
4 ⇥ 2⇡r

⌘
= 10⇡r.

Consider the line PQ joining the midpoints of two adjacent
sides of the square as shown. Clearly the length of PQ is half
of the length of the diagonal of the square. So PQ has length 1

2 .
PQ joins the midpoints of two touching arcs and so its length
is twice the radius of these arcs. Hence r = 1

4 . Therefore the
length of the border of the shaded design is 10⇡ ⇥ 1

4 =
5
2⇡.

P

Q

For investigation

21.1 The above solution assumes that the arcs whose centres are the vertices of the square are
semi-circles, and the arcs whose centres are the midpoints of the sides of the square form
three-quarter circles. Give arguments to prove that these assumptions are correct.
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22. Consider numbers of the form 10n + 1, where n is a positive integer. We shall call such a
number ‘grime’ if it cannot be expressed as the product of two smaller numbers, possibly
equal, both of which are of the form 10k + 1, where k is a positive integer.

How many ‘grime numbers’ are there in the sequence 11, 21, 31, 41, . . . , 981, 991?

A 0 B 8 C 87 D 92 E 99

Solution

C Instead of checking each of the 99 numbers in the sequence 11, 21, . . . , 981, 991 in turn
to see whether or not they are ‘grime numbers’, it is easier to count the numbers in this
sequence that are not ‘grime numbers’. A number is not a ‘grime number’ if, and only if,
it is a product, say rs, where both r and s are numbers of the form 10k + 1 , where k is a
positive integer. We can assume that r  s, and since we are only interested in numbers rs
such that rs  991, we can also assume that r  31, because 322 > 991.

We see that the only products of this form which are not greater than 991 are the twelve
numbers

11 ⇥ 11, 11 ⇥ 21, 11 ⇥ 31, 11 ⇥ 41, 11 ⇥ 51, 11 ⇥ 61,
11 ⇥ 71, 11 ⇥ 81, 21 ⇥ 21, 21 ⇥ 31, 21 ⇥ 41 and 31 ⇥ 31.

It can be seen, without calculating their values, that all these products are di↵erent as they
have di↵erent prime factorisations.

So there are 12 numbers in the sequence 11, 21, . . . , 981, 991 that are not ‘grime numbers’.
Hence there are 99 � 12 = 87 ‘grime numbers’ in this sequence.
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23. PQRS is a square. The points T and U are the midpoints of
QR and RS respectively. The line QS cuts PT and PU at W
and V respectively.

What fraction of the total area of the square PQRS is the area
of the pentagon RTWVU?

A
1
3

B
2
5

C
3
7

D
5

12
E

4
15 S R

QP

T

U

V

W

Solution

A The lines PQ and SR are parallel. Hence \USV = \PQV , since they are alternate angles.
Similarly \SUV = \PQV . It follows that the triangles USV and QPV are similar. Now
SU : PQ = 1 : 2 and so the heights of these triangles are in the same ratio. So the height of
triangle USV is 1

3 of the side-length of the square. The base of this triangle is 1
2 of the side

of the square. Hence the area of this triangle is 1
2

⇣
1
2 ⇥ 1

3

⌘
= 1

12 of the area of the square.

Similarly the area of triangle QWT is 1
12 of the area of the square. The area of triangle PQS

is 1
2 of the area of the square. The area of the pentagon RTWVU is the area of the square

minus the total areas of the triangles USV , QWT and PQS, so its area, as a fraction of the
area of the square PQRS, is 1 � 1

12 � 1
12 � 1

2 =
1
3 .
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24. The diagram shows two straight lines PR and QS crossing
at O.

What is the value of x?

A 7
p

2 B 2
p

29 C 14
p

2
D 7

⇣
1 +
p

13
⌘

E 9
p

2

54

8

4
10

x

Solution

E Let \SOR = ✓. Applying the Cosine Rule to the triangle ROS, we obtain

82 = 42 + 52 � 2 ⇥ 4 ⇥ 5 ⇥ cos ✓ ,

from which it follows that

cos ✓ =
42 + 52 � 82

2 ⇥ 4 ⇥ 5
= �23

40
.

We also have that \QOP = \SOR = ✓, since they are vertically opposite angles. Hence,
applying the Cosine Rule to triangle POQ, we get

x2 = 42 + 102 � 2 ⇥ 4 ⇥ 10 ⇥ cos ✓

= 16 + 100 � 80
 
�23

40

!

= 116 + 46 = 162.

Therefore x =
p

162 =
p

81 ⇥ 2 = 9
p

2.
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25. Challengeborough’s underground train network consists of
six lines p, q, r, s, t and u, as shown. Wherever two lines
meet there is a station which enables passengers to change
lines. On each line, each train stops at every station.

Jessica wants to travel from station X to station Y . She does
not want to use any line more than once, nor return to station
X after leaving it, nor leave station Y after reaching it.

How many di↵erent routes, satisfying these conditions, can
she choose?

s

r

t

q

u

p

X

Y

A 9 B 36 C 41 D 81 E 720

Solution

D A route is specified by giving the sequence of lines that Jessica travels on. We call the lines
s, t and u the X-lines and the lines p, q and r the Y -lines. It follows from the layout of the
network and Jessica’s conditions, that she can change trains between any X-line and any
Y -line and vice versa, but she cannot change between two X-lines, or between two Y -lines.
So her route from X to Y is given by a sequence of lines starting with an X -line, alternating
between X -lines and Y -lines, and ending with a Y-line. So it will consist of an even number
of lines. Since Jessica does not wish to use any line more than once, a possible route for
Jessica consists of 2, 4 or 6 lines. We count these routes according to the number of lines
involved.

2 lines A route of 2 lines will be of the form g, h, where g is an X-line and h is a Y -line.
There are 3 choices for g and 3 choices for h, and hence 3 ⇥ 3 = 9 routes of this form.

4 lines A route of 4 lines will be of the form g, h, i, j, where g and i are two di↵erent
X -lines and h and j are two di↵erent Y -lines. Since there are 3 choices for g and then
2 choices for i and likewise for h and j, there are 3 ⇥ 3 ⇥ 2 ⇥ 2 = 36 routes of this
form.

6 lines A route of 6 lines will have the form g, h, i, j, k, l, where g, i and k are X-lines
and h, j and l are Y -lines. As before there are 3 choices for g and then 2 choices for i,
leaving just one choice for k, and likewise for the choices of h, j and l. So there are
3 ⇥ 3 ⇥ 2 ⇥ 2 ⇥ 1 ⇥ 1 = 36 routes of this form.

So, altogether, there are 9 + 36 + 36 = 81 routes that satisfy Jessica’s conditions.

For investigation

25.1 How many di↵erent routes would there be if there were four lines passing through X and
four lines passing through Y , but otherwise the conditions are the same?

25.2 Can you find an expression which gives the number of di↵erent routes if there are m lines
passing through X and n lines passing through Y , but otherwise the conditions are the
same?
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1.   Which of the following cannot be written as the sum of two prime numbers? 

  A  5  B  7  C  9  D  10  E  11 

Solution:  E 
If the odd number 11 is the sum of two prime numbers, it must be the sum of the only even prime, 2,  
and an odd prime. But 9211 += and 9 is not prime. So 11 is not the sum of two prime numbers. On 
the other hand, 325 += , 527 += , 729 +=  and 7310 += . Therefore, these are all the sum of two 
prime numbers. 

Extension Problem 

1.1   In 1742 the German Mathematician Christian Goldbach (1690-1764) made the conjecture that 
every even number greater than 2 is the sum of two primes. The Goldbach Conjecture, as it is 
now called, has, so far, not been proved, but no counterexample to it has been found.  Investigate 
this conjecture by finding the even number in the range from 4 to 100 which can be expressed as 
the sum of two prime numbers in the largest number of ways. 

  

2.        The diagram shows an equilateral triangle, a square and a regular pentagon 
           which all share a common vertex. What is the value of θ ? 

  A  98           B  102           C  106   D  110         E  112 

 

Solution: B 
The interior angles of an equilateral triangle, a square and a regular pentagon are $60 , $90  and 

$108 , respectively. Hence 102258360)1089060(360 =−=++−=θ . 
 
 
3.  The price of my favourite soft drink has gone up in leaps and bounds over the past ten years. 

In four of those years it has leapt up by 5p each year, whilst in the other six years it has 
bounded up by 2p each year. The drink cost 70p in 2002. How much does it cost now? 

  A  £0.77 B  £0.90 C  £0.92 D  £1.02           E  £1.05 

Solution: D 

The cost has risen by 5p four times, and by 2p six times. So the total price rise in pence has been 
32)2654( =×+× . Therefore the price now is 02.1£p102p)3270( ==+ .   

 

4.  According to one astronomer, there are one hundred thousand million galaxies in the universe, 
each containing one hundred thousand million stars. How many stars is that altogether? 

  A  1310   B  2210   C  10010  D  12010              E  12110  

Solution: B 
One hundred thousand is 510 and one million is 610 . So one hundred thousand million 
is 116565 10101010 ==× + . Therefore the total number of stars is 2211111111 10101010 ==× + . 
 
 

$θ  
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5.  All six digits of three 2-digit numbers are different. What is the largest possible sum of three 
such numbers? 

 A   237 B   246 C   255 D   264 E   273 

Solution: C 

Suppose that the six digits that are used are a, b, c, d, e and f and that we use them to make the three 
2-digit numbers ‘ad’, ‘be’ and ‘cf’. The sum of these numbers is )10()10()10( fcebda +++++ , 
that is )()(10 fedcba +++++ . To make this as large as possible, we need to choose a, b and c so 
that cba ++ is as large as possible, and then d, e and f from the remaining digits so that fed ++ is 
large as possible. Clearly, this is achieved by choosing a, b, c  to be 7, 8, 9, in some order, and then d, 
e, f  to be 4, 5, 6 in some order. So the largest possible sum is 255)654()987(10 =+++++ . [For 
example, the three 2-digit numbers could be 74, 85 and 96.] 
 
 
 
 
6.        What is the sum of the digits of the largest 4-digit palindromic number which is divisible  
           by 15?   [Palindromic numbers read the same backwards and forwards, e.g. 7227.] 

 A 18 B 20 C 24 D 30 E 36 

Solution: C 

A 4-digit palindromic number has the form deed where d and e are digits.  This number is 
divisible by 15 if and only if it is divisible by both 3 and 5. It will be divisible by 5 if and if only if 
d is 0 or 5, but the first digit of a number cannot be 0, so d is 5, and the number has the form 5ee5.  

A number is divisible by 3 if and only if the sum of its digits is divisible by 3.  So 5ee5 is divisible 
by 3 if and only if e210 +  is divisible by 3, that is, when e is 7, 4 or 1. So the largest 4-digit 
palindromic number which is divisible by 15 is 5775. The sum of the digits of 5775 is 

245775 =+++ .   

Extension problems 

6.1  Find the largest 4-digit palindromic number which is a multiple of 45. 

6.2  Find the largest 5-digit and 6-digit palindromic numbers which are multiples of 15. 

6.3 The argument above uses the fact that a positive integer is divisible by 3 if and only if the 
sum of its digits is divisible by 3.  Explain why this test works. 

6.4 Find a similar test for divisibility by 9.  

6.5 Find a test, in terms of its digits, to decide when a positive integer is divisible by 11.  

 
 
7.  Given that 1=++ zyx , 2=−+ zyx  and 3=−− zyx , what is the value of xyz? 
 A   2−  B   2

1−  C   0 D  2
1  E   2 

Solution:   D 

Adding the equations, 1=++ zyx  and 3=−− zyx , gives 42 =x , from which it follows that 
2=x . Adding the equations 1=++ zyx  and 2=−+ zyx , gives 3)(2 =+ yx . Hence 2

3=+ yx . 
Therefore, as 2=x , it follows that 2

1−=y . Since 1=++ zyx , it now follows 
that 2

1
2
31)(1 −=−=+−= yxz . Therefore, 2

1
2
1

2
12 =−×−×=xyz . 
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8.  The diagrams below show four types of tile, each of which is made up of one or more 
equilateral triangles. For how many of these types of tile can we place three identical copies 
of the tile together, without gaps or overlaps, to make an equilateral triangle? 

 

 

  A   0 B   1 C    2 D   3 E   4 
 
Solution: C 

An equilateral triangle may be divided into 1, 4, 9, 16 ,… , that is, a square number, of equilateral 
triangles of the same size. Three tiles, each made up of  k smaller equilateral triangles of the same 
size, contain altogether 3k of the smaller triangles. So, if it 
is possible to place three copies of the tile to make an  
equilateral triangle, then 3k must be a square number.   
For the above tiles k takes the values 1, 2, 3 and 12,   
respectively. Of these, only for 3=k  and 12=k do we 
have that 3k is a square. So the only possible cases where three of the above tiles can be rearranged 
to make an equilateral triangle are the two tiles on the right. We see from the diagrams above that 
in both cases we can use three of the tiles to make an equilateral triangle.  So there are 2 such cases. 

Extension problem 

8.1  In the argument above we have stated, but not proved, that if an equilateral triangle is 
divided into smaller equilateral triangles of the same size, then the number of the smaller 
triangles is always a perfect square. Prove that this is correct. 

8.2    Determine a necessary and sufficient condition for a positive integer, k, to be such that 3k is 
a square.  [Ask your teacher if you are not sure what is meant by a necessary and sufficient 
condition.] 

8.3     Is it possible to find a tile which is made up of k equilateral triangles of the same size, where 
3k is a square, but three copies of the tile cannot be placed together, without gaps or 
overlaps, to make an equilateral triangle? 

 
 
 
 
9.  Pierre said, “Just one of us is telling the truth”. Qadr said, “What Pierre says is not true”. 
             Ratna said, “What Qadr says is not true”. Sven said, “What Ratna says is not true”. 
             Tanya said, “What Sven says is not true”. 

             How many of them were telling the truth? 

             A   0  B   1                        C   2                       D   3                    E   4 

Solution: C 

If Pierre is telling the truth, everyone else is not telling the truth. But, also in this case, what Qadr 
said is not true, and hence Ratna is telling the truth. So we have a contradiction. 

So we deduce that Pierre is not telling the truth. So Qadr is telling the truth. Hence Ratna is not 
telling the truth. So Sven is also telling the truth, and hence Tanya is not telling the truth. So Qadr 
and Sven are telling the truth and the other three are not telling the truth. 
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Solution: E  

If N is the smallest positive integer whose digits add up to 2012, it will have the smallest possible 
number of digits among numbers whose digits add up to 2012.  This means that, as far as possible, 
each digit should be a 9. So N will have the form ���
	

k

d 999...999 , where k is a positive integer and d is 

a non-zero digit. Now, 592232012 +×= . So 223=k and 5=d . Hence ���
	
223

999...9995=N . 

Therefore ���
	
223

000...00061=+N . So the first digit of 1+N  is a 6. 

11.  Coco is making clown hats from a circular piece of cardboard.   
  The circumference of the base of each hat equals its slant height,  
  which in turn is equal to the radius of the piece of cardboard.  
  What is the maximum number of hats that Coco can make from 
   the piece of cardboard? 

 A   3 B   4 C   5 D   6 E   7 

Solution:  D 

Let the radius of the circle be r.  This must also be the slant height of  
each hat.  If we flatten out a hat we get a sector of a circle in which the 
circular part of the boundary has length r, as shown in the diagram on 
the left. The circumference of a circle of radius r has length rπ2 . Since 

5.33 <<π , it follows that rrr 726 << π . So Coco can cut out 6 sectors  
from the circular piece of card as shown, each of which can be made into a hat.  The area of card 
needed for each hat is 2

2
1 r and the area of the circle is 2rπ . As 2

2
12 (7 rr <π ), Coco cannot make 7 

hats. So the maximum number of hats that Coco can make is 6. 

Extension Problems 

In this solution we have used the fact that 5.33 <<π . How do we know that this is true?  Here we 
ask you to show this, starting with the definition of π as the ratio of the circumference of a circle to 
its diameter (and making one geometrical assumption). 

11.1   Suppose we have circle with diameter 1. Its radius is therefore .2π  
  We consider a regular hexagon with its vertices on the circle,  
  and a regular hexagon which touches the circle, as shown in  
  the diagram. Use the assumption that the circumference of the  
  circle lies between the perimeters of the two hexagons to show  
  that 323 <<π . Deduce that 5.33 <<π . 

11.2  The method of approximating the circumference of a circle by a                                         
regular polygon was discovered independently in more than one culture. The Greek 
mathematician Archimedes who lived from 287BC to 212BC used regular polygons with 96 
sides to obtain the approximation 7

1
71
10 33 <<π . The Chinese mathematician Liu Hui, who 

lived around 260CE, obtained the approximation 62500
8919

62500
4407 33 <<π . Use the approximate 

value 14159.3≈π to estimate the percentage errors in these approximations.  

[Today, using iterative methods that converge very rapidly, and powerful computers, π has been 
calculated to billions of decimal places.] 

 

 

r r 

 

r 

r 
r 

r 

r 
r 

10.     Let  N  be the smallest positive integer whose digits add up to 2012. What is the first          
digit of 1+N ?   

 A   2 B   3 C   4 D   5 E   6 
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12.     The number 3 can be expressed as the sum of one or more positive integers in four different   
          ways:     
   3;          ;21+           ;12 +          111 ++ . 

          In how many ways can the number 5 be so expressed? 

 A 8 B 10 C 12 D 14 E 16 

Solution: E 

By systematically listing all the possibilities, we see that the number 5 may be written as a sum of 
one or more positive integers in the following 16 ways: 

5; ;41+  ;14 +  ;32 +  ;23 +  ;113 ++ ;131 ++ 311 ++ ; ;221 ++ ;212 ++  
;122 ++ ;2111 +++  ;1211 +++ ;1121 +++ ;1112 +++ 11111 ++++ . 

Extension Problems 
12.1   In how many ways can the number 4 be expressed as the sum of one or more positive 

integers? 

12.2   To generalize these results we need a better method than listing all the possibilities. From the 
cases 4 ,3=n and 5, it seems reason to guess that a positive integer n can be expressed as the 
sum of one or more positive integers in 12 −n  ways. Can you prove that this conjecture is 
correct? 

12.3  We can also consider the number of different ways of expressing a positive integer, n, as the 
sum of positive integers when the order does not matter. For example we count 211 ++ as 
being the same as 121 ++ . These arrangements, where the order does not matter, are called 
partitions.  You can see that there are just 7 different partitions of 5, namely, 5, 14 + , 23 + , 

113 ++ , 122 ++ , 1112 +++  and 11111 ++++ . Count the number of different partitions 
of n, for 81 ≤≤ n . [There is no simple formula for the number of different partitions of n.] 

 
 
13.  A cube is placed with one face on square 1 in the maze shown,   
  so that it completely covers the square with no overlap. The 
  upper face of the cube is covered in wet paint. The cube is  
  ‘rolled’ around the maze, rotating about an edge each time,  
  until it reaches square 25. It leaves paint on all of the  
  squares on which the painted face lands, but on no others. 
  The cube is removed on reaching the square 25. What is the 
  sum of the numbers on the squares which are now marked  
  with paint? 

  A   78 B   80 C   82 D   169 E   625 

Solution: B   

We track the position of the side of the cube which is covered in 
wet paint. We imagine that the maze is horizontal, and that we are 
looking at it from the side with the squares which are marked with 
the numbers 1, 16, 15, 14 and 13. We use T, B, F, S, L and R for the  
Top, Bottom, Front, Stern (back), Left and Right sides of the cube,  
as we look at it, respectively.   

Initially, the wet paint is on Top.  We see from the diagram that the  
wet paint is on the bottom of the cube when the cube is on the squares  
labelled 3, 7, 11, 15, 20 and 24. The sum of these numbers is 802420151173 =+++++ . 

5 6 7 8 9 

4 19 20 21 10 

3 18 25 22 11 

2 17 24 23 12 

1 16 15 14 13 
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14.    Six students who share a house all speak exactly two languages. Helga speaks only English  
          and German; Ina speaks only German and Spanish; Jean-Pierre speaks only French and    
          Spanish; Karim speaks only German and French; Lionel speaks only French and English  
          whilst Mary speaks only Spanish and English. If two of the students are chosen at random,  
          what is the probability that they speak a common language? 

 A  2
1  B   3

2  C   4
3  D   5

4  E   6
5  

Solution: D 

We can select two of the six students in 15 ways, 
as shown in the table. We have put a tick (9) in  
each box corresponding to a pair of students who 
speak a common language, and a cross (8) in  
each box corresponding to a pair of students who 
do not speak a common language. 

We see that there are 12 ticks in the 15 boxes. 
Therefore, if two students are chosen at random, 
the probability that they speak a common  
language is 5

4
15
12 = .. 

Alternative method 
Note that each of the students has a common language 
with 4 out of 5 of the other students.  It therefore follows 
that if two students are chosen at random, the probability  
that they speak a common language is 5

4 . 

Note:   We may represent the four languages by lines   
and the students by points which are on the lines corresponding  
to the languages they speak, as shown. This makes it easy to see 
that for each student, there is just one other student with whom they have no common language.  
 
 

15.  Professor Rosseforp runs to work every day. On Thursday he ran 10% faster than his usual 
average speed.  As a result, his journey time was reduced by x minutes. How many minutes did the 
journey take on Wednesday? 

 A   11x B   10x C   9x D   8x E   5x 

Solution: A 

Suppose that the distance that Professor Rosseforp runs is d and his usual average speed (in terms 
of the units used for distance and minutes) is s. So, on Wednesday his journey takes him 

s
d minutes. On Thursday his average speed was ss 10

11
100
110 = and so the journey takes him 

s
d

s
d

11
10

10
11

=  minutes. We therefore have x
s
d

s
d

=−
11
10 . This gives x

s
d

=
11

 and hence x
s
d 11= . So 

on Wednesday his journey took him 11x minutes. 

Extension Problem 

15. 1   Now consider the general case where Professor Rosseforp runs the same distance  p%  
slower on Monday than on Tuesday, and q% faster on Wednesday than on Tuesday. Suppose that 
his run on Wednesday took him x minutes less than his run on Monday. How many minutes did his 
run take on Tuesday? 
 

 Helga 
E & G 

  Ina 
G & S 

  J-P 
F & S 

Karim 
G & F 

Lionel 
F & E 

  Ina 
G & S 9 

 

  J-P 
F & S 8 9 

 

Karim 
G & F 9 9 9 

 

Lionel 
F & E 9 8 9 9 

 

Mary 
S & E 9 9 9 8 9 
 

Helga 
Ina 

Jean-Pierre 

Karim 

Lionel 

Mary 

German Spanish 

English French 
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16.      The diagram shows the ellipse whose equation is 
          12422 =−+−+ yxxyyx . The curve cuts the y-axis  
      at points A and C and cuts the x-axis at points B and D. 

      What is the area of the inscribed quadrilateral ABCD? 

      A  28            B  36            C  42           D  48           E   56 

Solution: A 
The graph cuts the y-axis at points where 0=x , and hence where 1242 =− yy , that is, where 

01242 =−− yy , that is, 0)6)(2( =−+ yy , giving 2−=y and 6=y . Hence A is the point (0,6),   
C is the point )2,0( − and so AC has length 8.  Similarly, B and D are points where 0=y and hence 

0122 =−+ xx , that is, 0)3)(4( =−+ xx , giving 4−=x and 3=x . So B is the point )0,3( , D is 
the point )0,4(− , and so BD has length 7. The area of the inscribed quadrilateral ABCD is therefore 

BDAC.2
1  28)78(2

1 =×= . 

Extension Problems 
16.1 The solution above takes it for granted that the area of the quadrilateral ABCD is half the 

product of the lengths of its diagonals. Give an example to show that this is not true for all 
quadrilaterals.  

 
16.2  What is the special property of ABCD that makes it correct that in this case the area is half 

the product of the length of the diagonals? Give a proof to show that your answer is correct. 
 
 
 
 
17.    The diagram shows a pattern found on a floor tile in the cathedral 
  in Spoleto, Umbria. A circle of radius 1 surrounds four quarter 
  circles, also of radius 1, which enclose a square. The pattern has 
  four axes of symmetry. What is the side length of the square? 

          A  
2

1   B  22 −  C  
3

1  D  
2
1  E 12 −  

Solution: B  

Let O be the centre of the circle, let P be one of the points where 
two of the quarter circles meet, let Q be the centre of one of 
these quarter circles, and let R be the vertex of the square that                                    
lies on OQ, as shown.  

Then in the triangle OPQ there is a right angle at P and 1==QPOP , 
and therefore, by Pythagoras’ Theorem,  2=OQ . Since 1=QR , it follows that 12 −=OR . It 
follows that the diagonal of the square has length )12(2 − . Using, Pythagoras’ Theorem again, it 
follows that the side length of the square is ( ))12(2

2
1 − 22 −= . 

Extension Problem 
17.1  In the proof above we claim, by Pythagoras’ Theorem, that if the diagonal of a square has 

length x, then its side length is x
2

1 . Show that this is indeed a consequence of Pythagoras’ 
Theorem. 

 

y 

x 

A 

C 
B D 

 

 

O 

P 

Q R 
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18.     The diagram shows two squares, with sides of length 2
1 ,  

          inclined at an angle α2  to one another. What is the value of x? 

 A αcos  B 
αcos

1  C αsin  D 
αsin

1  E αtan  

Solution: A 

Consider the triangle at the bottom of the diagram. We have labelled 
the points P, Q and R, as shown. We let N be the point where the                                               
perpendicular from P to QR meets QR. .  
Now, αα 218090290360 −=−−−=∠QPR . In the triangle  
PQR we have 2

1== PRPQ  as they are sides of the squares. It follows that the triangle PQR is 
isosceles and hence α=∠=∠ PRNPQN . So the triangles PQN and PRN are congruent. Hence 

xNRQN 2
1== . Therefore, from the triangle PQN we have x

x
QP
QN

===
2
1

2
1

cosα .That is, αcos=x . 

 
19.  The numbers 2, 3, 4, 5, 6, 7, 8 are to be placed, one per square, in the  
  diagram shown so that the sum of the four numbers in the horizontal  
  row equals 21 and the sum of the four numbers in the vertical column  
  also equals 21. In how many different ways can this be done? 

  A   0 B   2 C   36 D   48 E   72 
Solution: E 
Let the numbers in the squares be t, u, v, w, x, y and z, as shown. We have  

422121)()( =+=+++++++ vxutzyxw , that is  
42)( =+++++++ xzyxwvut . But =++++++ zyxwvut  

358765432 =++++++ and hence 7=x .  So t, u, v are three numbers 
chosen from 2, 3, 4, 5, 6, 8 which add up to 14.  It can be checked that there 
are just two choices for these numbers  2, 4, 8  and 3, 5, 6.  If the numbers in the horizontal row are 2, 
4, 8 and 7, there are 3 choices for w and then 2 choices for y and then 1 choice for z, making 

123 ×× choices altogether, and then similarly 6 choices for t, u, v , making 3666 =× combinations. 
Likewise there are 36 combinations where the numbers in the horizontal row are 3, 5, 6 and 7. This 
makes 723636 =+ different ways altogether. 

20.  In trapezium PQRS, 25== PQSR cm and SP is parallel to RQ. 
     All four sides of PQRS are tangent to a circle with centre C. The  
 area of the trapezium is 600 cm2. What is the radius of the circle? 

 A 7.5cm B 8cm C 9cm D 10cm E 12cm 

 

Solution: E 
Let the radius of circle be r cm, and let the points where the trapezium 
touches the circle be W, X, Y and Z as shown. As the radii CW, CX, CY 
and CZ are perpendicular to the edges of the trapezium PQ, QR, RS and SP, 
respectively, the area of the trapezium, which is the sum of the areas of the  
triangles CPQ, CQR, CRS and CSP, is  
           ).(2

1
2
1

2
1

2
1

2
1 SPRSQRPQrSPrRSrQRrPQ +++=+++   

Now using the property that the two tangents to a circle from a given point have equal length, it 
follows that )()( SYRYQWPWRYQWPWSYRXQXPZSZQRSP +++=+++=+++=+  

502525 =+=+= RSPQ cm. Hence 1005050 =+=+++ SPRSQRPQ cm. Therefore, as the 
area of the trapezium of 600 cm2, we have that 600)100(2

1 =r and hence 12=r . 
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21.     Which of the following numbers does not have a square root in the form 2yx + , where x  
          and y are positive integers? 

  A  21217 +  B  21222 +  C  21238 +  D  21254 +  E  21273 +  

Solution: D 
Suppose 2)2(212 yxa +=+ , where a,  x and y are positive integers. It follows that 

22 222212 yxyxa ++=+ 22)2( 22 xyyx ++=  . Therefore  6=xy  and ayx =+ 22 2 . Since x 
and y are positive integers, the only possibilities for x and y are 6,1 == yx ; 3,2 == yx ; 2,3 == yx  
and 1,6 == yx . Therefore the only possibilities for a are 73)6(21 22 =+ ; 22)3(22 22 =+ ; 

17)2(23 22 =+  and 38)1(26 22 =+ . Therefore options A, B, C and E are numbers which have 
square roots of the required form, but not option D. 

Extension Problems 

21.1 Which numbers of the form 224+a , where a is a positive integer, have square roots of the 
form 2yx + , where x and y are positive integers? 

21.2   Which numbers  of the form 324+a , where a is a positive integer, have square roots of the 
form 3yx + , where x and y are positive integers. 

21.2   Give an example of a number of the form 5ba + , where a and b are positive integers, which 
does not have a square root of the form 5yx + , where x and y are positive integers. 

 

 

 

 

 
 
22.  A semicircle of radius r is drawn with centre V and  
  diameter UW. The line UW is then extended to the  
  point X, such that the UW and WX are of equal length. 
  An arc of the circle with centre X and radius 4r is then  
  drawn so that the line XY is a tangent to the semicircle  
  at Z, as shown. What, in terms of r, is the area of triangle YVW? 

  A   
9

4 2r  B   
3

2 2r  C  2r  D  
3

4 2r  E  22r  

Solution:  B 
Since WXUW = , we have .2rUWWX ==  As V is  
the centre of the circle with UW as diameter, .rVZVW ==   
Hence rWXVWVX 3=+= . The triangles YVX and  
VVW  have the same height and VXVW 3

1= . Therefore 
)(area)(area 3

1 YVXYVW ∆=∆ .  As VZ is a radius of the  
semicircle, and XY is a tangent to the semicircle at Z, the lines VZ and XY are perpendicular. Therefore 

.2)4.(.)(area 2
2
1

2
1 rrrXYVZYVX ===∆  Hence, .)2()(area)(area 2

3
22

3
1

3
1 rrYVXYVW ==∆=∆  

  

 U        V         W                             X 

Y Z 

Y Z 

 U        V         W                             X 
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23.  Tom and Geri have a competition. Initially, each player has one attempt at hitting a target. If    
      one player hits the target and the other does not then the successful player wins. If both     
    players hit the target, or if both players miss the target, then each has another attempt, with  
    the same rules applying. If the probability of Tom hitting the target is always 5

4 and the  
    probability of Geri hitting the target is always 3

2 , what is the probability that Tom wins the  
    competition? 

    A   
15
4  B  

15
8  C  

3
2  D  

5
4   E  

15
13  

Solution: C 
Let the probability that Tom wins the competition be p. The probability that initially Tom hits and 
Geri misses is 15

4
3
1

5
4 =× . The probability that initially they both hit is 15

8
3
2

5
4 =× and that they both 

miss is 15
1

3
1

5
1 =× . So the probability that either they both hit or both miss is 5

3
15
9

15
1

15
8 ==+ . If they 

both hit or both miss the competition is in the same position as it was initially. So Tom’s 
probability of winning is then p. Therefore, pp 5

3
15
4 += . So 15

4
5
2 =p  and hence 3

2=p . 
 
 
 
 
24.   The top diagram on the right shows a shape that tiles the plane, as 
          shown in the lower diagram. The tile has nine sides, six of which  
  have length 1. It may be divided into three congruent  
  quadrilaterals as shown.  What is the area of the tile?  
 

 A 
2

321+     B  
3

34
    C 6  D 

4
343 +

      E  
2

33
 

 

Solution: B 

The tile is made up of three congruent quadrilaterals one of which, PQRS, is 
shown in the diagram on the right. We let T be the foot of the perpendicular 
from Q to SR and we let U be the point shown. Then 1==URSR .  

Also PQ=QU. Let their common length be x. Hence xQR +=1  and  
xTR −=1 . Because the three congruent quadrilaterals fit together at Q, we 

have 0120=∠PQR  . As PQ and SR are both perpendicular to PS, they are  
parallel and hence 060=∠QRT . Hence, from the right-angled 

triangle QRT we have 060sin=
QR
TR , that is, 

2
1

1
1

=
+
−

x
x , and therefore .122 xx +=−  Hence 13 =x and 

so 3
1=x .  Therefore 3

2=TR  and 3
4=QR . Now 060cos=QRQT  and hence 060cosQRQT =  

3
32

2
3

3
40

3
4 )(60cos ===  . [We could also use Pythagoras’ Theorem applied to the triangle QRT to 

deduce this length.] 

We can now work out the area of the quadrilateral PQRS in two different ways.   Most 
straightforwardly, area(PQRS) = area(PQTS) + area(QRT) 9

34
3
2

3
32

2
1

3
1

3
32 )( =×+×= .   Alternatively, 

as PQ is parallel to SR, PQRS is a trapezium. We now use the fact that the area of a trapezium is its 
height multiplied by the average length of its parallel sides. Hence, PQRS has area. )1( 3

1
2
1

3
32 +×  

9
34

3
2

3
32 =×= . The tile is made up of three copies of PQRS.  So its area is  .3 3

34
9

34 =×   
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25. How many distinct pairs ),( yx of real numbers satisfy the equation )4)(4()( 2 −+=+ yxyx ? 

 A   0 B   1 C   2 D   3 E   4 

Solution:  B 

Method 1.  The most straightforward method is to rewrite the given equation as a quadratic in x, 
whose coefficients involve y, and then use the “ 042 ≥− acb ” condition for a quadratic, 

02 =++ cbxax , to have real number solutions.   

Now , 16442)4)(4()( 222 −+−=++⇔−+=+ yxxyyxyxyxyx    
                 01644 22 =+−+++⇔ yyxxyx  0)164()4( 22 =+−+++⇔ yyxyx .  

So here 1=a , 4+= yb  and 1642 +−= yyc . We see that )164(4)4(4 222 +−−+=− yyyacb  
222 )4(3)168(348243 −−=+−−=−+−= yyyyy . So there is a real number solution for x if and 

only if 0)4(3 2 ≥−− y . Now, as for all real numbers y,  0)4( 2 ≥−y , it follows that 

4040)4(3 2 =⇔=−⇔≥−− yyy . When 4=y  the quadratic equation becomes 01682 =++ xx , 
that is 0)4( 2 =+x , which has just the one solution 4−=x . So )4,4(−  is the only pair of real 
numbers, ),( yx , for which )4)(4()( 2 −+=+ yxyx . 

 Method 2.  We can simplify the algebra by making the substitution 4+= xw  and 4−= yz . Then 
zwzwyx +=++−=+ )4()4( , and the equation becomes wzzw =+ 2)( .  

Now, 0)()(02)( 2
2
32

2
122222 =++⇔=++⇔=++⇔=+ zzwzwzwwzzwzwwzzw . The 

sum of the squares of  two real numbers is zero if and only if each real number is 0. So the only real 
number solution of 0)()( 2

2
32

2
1 =++ zzw is 02

3
2
1 ==+ zzw . This is equivalent to 0== zw  and 

hence to 4−=x and 4=y . So again we deduce that there is just this one solution. 

Extension Problems 

25.1 It is possible to use the “ acb 42 ≥ ” criterion to show that )0,0( is the only pair of real numbers 
that satisfy the equation 022 =++ zwzw . Check this. 

25.2   Show that  the “ acb 42 ≥ ” criterion is correct by proving that for all real numbers, a, b, c, with 
0≠a ,  the quadratic equation 02 =++ cbxax  has a real number solution if and only if 

acb 42 ≥ . 

25.3  [For those who know about complex numbers.]  If we allow the possibility that x and y are 
complex numbers, then the equation )4)(4()( 2 −+=+ yxyx  has more than one solution. 
Check that 6=x , iy 351+−=  is one solution of this equation. How many more can you 
find? 

Hanul Cha



UK SENIORMATHEMATICAL CHALLENGE
November 8th 2011

EXTENDED SOLUTIONS

These solutions augment the printed solutions that we send to schools. For convenience, the
solutions sent to schools are confined to two sides of A4 paper and therefore in many cases are
rather short. The solutions given here have been extended. In some cases we give alternative
solutions, and we have included some Extension Problems for further investigations.

The Senior Mathematical Challenge (SMC) is a multiple choice contest, in which you are
presented with five options, of which just one is correct. It follows that often you can find the
correct answers by working backwards from the given alternatives, or by showing that four of
them are not correct. This can be a sensible thing to do in the context of the SMC, and we often
first give a solution using this approach.

However, this does not provide a full mathematical explanation that would be acceptable if you
were just given the question without any alternative answers. So for each question we have
included a complete solution which does not use the fact that one of the given alternatives is
correct. Thus we have aimed to give full solutions with all steps explained. We therefore hope
that these solutions can be used as a model for the type of written solution that is expected when
presenting a complete solution to a mathematical problem (for example, in the British
Mathematical Olympiad and similar competitions).

We welcome comments on these solutions, and, especially, corrections or suggestions for
improving them. Please send your comments,

either by e-mail to: enquiry@ukmt.co.uk

or by post to: SMC Solutions, UKMT Maths Challenges Office, School of Mathematics,
University of Leeds, Leeds LS2 9JT.

Quick Marking Guide

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
D D A/B D B C D C B C C D D C B E A E B B C A B B C

supported by

¤ UKMT, 2011. These solutions may be used freely within your school or college. You may,
without further permission, post these solutions on a website which is accessible only to staff
and students of the school or college, print out and distribute copies within the school or
college, and use them within the classroom. If you wish to use them in any other way, please
consult us at the address given above.

Hanul Cha



UKMT, Senior Mathematics Challenge 2011, Solutions 2

1. Which of the numbers below is not a whole number?

A
1
02011� B

2
12011� C

3
22011� D

4
32011� E

5
42011�

Solution: D

It is straightforward to check that
2

1007
4
2014

4
32011

  
� is not a whole number, but that all the

other fractions given above are whole numbers. A more general approach to the question is as

follows. We have that 120102010)1(2011
� 

�
 

��
nn

n

n

n , and therefore,
n

n )1(2011 �� is a whole

number if and only if
n

2010 is a whole number, that is, if and only if n is a factor of 2010. Since 2010

has the prime factorization 67532 uuu , its distinct factors are 1, 2, 3, 5, 6, 10, 15, 30, 67, 134, 201,

335, 402, 670, 1005 and 2010. These are the only positive whole number values of n for which

n

n )1(2011 �� is also a whole number.

Extension Problems

1.1 List the positive whole numbers for which
n

n )1(2013 �� is an integer.

1.2 Find all the positive whole numbers, k, such that for 1 n , 2, 3 and 5, but not for 4 n ,

n

nk )1( �� is an integer.

1.3 Let r be a positive whole number. Find all the positive whole numbers, k, such that for all

positive integers rn d ,
n

nk )1( �� is a whole number.

2. Jack and Jill went up the hill to fetch a pail of water. Having filled the pail to the full, Jack fell

down spilling 3
2 of the water, before Jill caught the pail. She then tumbled down the hill,

spilling 5
2 of the remainder.

What fraction of the pail does the remaining water fill?

A
15
11 B

3
1 C

15
4 D

5
1 E

15
1

Solution: D

After Jack spills 3
2 of the water, there remains 3

1 . Jill spills 5
2 of this, leaving 5

3 of it. So there

remains 5
1

3
1

5
3  u of the water.
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3. The robot Lumber9 moves along the number line. Lumber9 starts at 0, takes 1 step forward (to

1), then 2 steps backwards (to 1� ), then 3 steps forward, 4 steps back, and so on, moving

alternately forwards and backwards, one more step each time. At what number is Lumber9 after

2011 steps?

A 1006 B 27 C 11 D 0 E 18�

Note: Unfortunately, the word “step” in the final sentence of this question might be interpreted in two

different ways. We apologize for this ambiguity.

On one reading, the question asks at what number Lumber9 is after 2011 stages in the process.

Solution 1 corresponds to this interpretation.

The question could also mean “At what number is Lumber9 after it has taken 2011 steps in total.”

Solution 2 corresponds to this interpretation.

Both solutions were awarded the marks when the paper was marked.

Solution 1: A

After 2011 stages Lumber9 reaches the number 201120102009...4321 �������

2011)20102009(...)43()21( ������� .2011)1...11( ����� The number of 1� s in

this sum is )2010(2
1 1005 . So 1006100520112011)1(10052011...4321  � ��u ����� .

Solution 2: B

After 62 stages of the process Lumber9 has taken 195362...321  ���� steps and has reached the

number 316261...4321 � ������ . After taking another 58 steps in the positive direction, it has

taken 2011581953  � steps in total, and has reached the number 275831  �� .

4. What is the last digit of 20113 ?

A 1 B 3 C 5 D 7 E 9

Solution: D

Since 8134  , the last digit of 50242008 )3(3  is 1. Since 32008320082011 3333 u  �

2732008 u , the last digit of 20113 is the same as the last digit of 27, that is, 7.

[The last digit of a number is its remainder when we divide by 10. So here we are really working with

congruences (mod 10). In this language we can write the above calculation as

7713)3(33 50235024350242011 {u{u{{ �u (mod 10).]
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5. The diagram shows a regular hexagon inside a rectangle.

What is the sum of the four marked angles?

A 090 B 0120 C 0150 D 0180 E 0210

Solution: B P Q

We label the vertices P, Q, R, S, T and U as shown. In the triangle PQR

the sum of all three angles is 0180 and 090 �PQR . Therefore,

090 ��� PRQQPR . In the quadrilateral RSTU, the sum of all four

angles is 0360 , 090 �RST , and the exterior angle at U is 0240 , because the interior angle of a

regular hexagon is 0120 . Therefore, 0000 3024090360  �� ��� STUSRU . Therefore the sum

of the four marked angles, that is, STUSRUPRQQPR ������� , is 000 1203090  � .

6. Granny and her granddaughter Gill both had their birthday yesterday. Today, Granny’s age in

years is an even number and 15 times that of Gill. In 4 year’s time Granny’s age in years will

be the square of Gill’s age in years. How many years older than Gill is Granny today?

A 42 B 49 C 56 D 60 E 64

Solution: C

Suppose that today Gill is x years old. It follows that Granny is 15x years old. In 4 years time their

ages in years will be 4�x and 415 �x respectively. So 2)4(415 � � xx . Thus  � 415x

1682 �� xx . Hence 01272  �� xx , that is, 0)4)(3(  �� xx and so x is either 3 or 4. So today Gill

is either 3 or 4 years old and Granny is either 45 or 60. Since Granny’s age in years is an even

number, we deduce that today Granny is 60 and Gill is 4. So the difference in their ages is 56 years.

7. Two sides of a triangle have lengths 4cm and 5cm. The third side has length x cm, where x is a

positive integer. How many different values can x have?

A 4 B 5 C 6 D 7 E 8

Solution: D

We use two key facts. First, the sum of the lengths of the two shorter sides of a triangle must be

greater than the length of the longest side. Second, if a, b, c are positive numbers with cba dd and

cba !� , then there is a triangle whose side lengths are a, b and c.

q

u

+

R

ST

U

Hanul Cha

Hanul Cha

Hanul Cha

Hanul Cha



UKMT, Senior Mathematics Challenge 2011, Solutions 5

So if 4dx , we must have that 54 !�x , so 1!x , and so there are 3 possible integer values of x,

namely 2, 3 and 4. If 5tx , we must have that 954  ��x , and there are 4 possible integer values

of x, namely 5, 6, 7 and 8. So altogether there are 7 possible values for x.

Extension Problem

7.1 If two sides of a triangle have lengths a cm and b cm, where a and b are integers with ba d ,

how many possible integer values are there for the third side of the triangle?

8. A 32u grid of squares can be divided into

21u rectangles in three different ways.

How many ways are there of dividing the bottom shape

into 21u rectangles?

A 1 B 4 C 6 D 7 E 8

Solution: C

In the context of the SMC it is most straightforward just to list all the 6 different layouts:

For a deeper analysis of the problem see the Extension Problems below.

Extension Problems

8.1 First consider the number of ways of dividing a nu2 grid into 21u rectangles. Let this number

be
n
x . The example given in the question shows that 33  x . Determine the values of

n
x for

1 n , 2, 4 and 5. Use these values to make a conjecture about the infinite sequence of values

,...,, 321 xxx .

8.2 Prove that your conjecture in 8.1 is correct. Hence obtain a formula for
n
x .

8.3 Next we consider the number of ways of dividing the type of grid that Question 8 deals with,

that is a nu2 grid, where n is even, augmented with a 21u grid on top in the middle. Thus the

grid in Question 8 is the case 4 n , and the grid below is the case 8 n .

In the case where n is even, we let
n
y be the number of ways of dividing a nu2 grid with a

21u grid on top in the middle into 21u rectangles. By considering first the 21u grid on top,

show that, when n is even 2
1 )(

2
1 �� 
nnn

xxy .

Use this formula to verify that 64  y , and to calculate the values of 6y and 8y .
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8.4 This problem can be generalized to other grids, divided into other rectangles. You are invited to

consider some of these generalizations. Most of them are rather intractable. It is suggested that

you begin by considering the number of ways of dividing a nu3 grid into 31u rectangles.

9. Sam has a large collection of 111 uu cubes, each of which is either red or yellow. Sam makes a

333 uu block from twenty-seven cubes, so that no cubes of the same colour meet face-to-face.

What is the difference between the largest number of red cubes that Sam can use and the

smallest number?

A 0 B 1 C 2 D 3 E 4

Solution: B

There are only two arrangements that meet the requirement that cubes of the same colour do not meet

face to face. Either the centre small cube is red, in which case all the small cubes at the centres of the

12 edges of the large cube are red, with all the other small cubes being yellow, or the colours are the

other way round. In the first case there are 13 red cubes and 14 yellow cubes. In the second case there

are 14 red cubes and 13 yellow cubes. 11314  � .

10. A triangle has two edges of length 5. What length should be chosen for the third edge of the

triangle so as to maximize the area within the triangle?

A 5 B 6 C 25 D 8 E 35

Solution: C

Let the triangle be PQR, where 5  PRPQ , and let RN be the perpendicular from R to PQ. [The

diagram illustrates the case where QPR� is acute. You should satisfy yourself that the argument is

the same in the case where this angle is obtuse.] The area of the triangle

is RNRNPQ 2
5

2
1 .  and hence is a maximum when the length of RN is a

maximum. From the right-angled triangle PNR we see that if the points

the points N and P are distinct, PRRN � . Hence the maximum possible length

of RN is 5 when 090 �RPQ , so that N and P coincide.. In this case RQ is

the hypotenuse of a right-angled isosceles triangle in which the other two sides

have length 5, and so, by Pythagoras’ Theorem 25 RQ . Therefore, this is the

length of the third side which makes the area a maximum.

[Another way to obtain this answer is to use trigonometry. If T �RPQ , the area of the triangle is

Tsin522
1 . This is a maximum when 1sin  T , that is, when 090 T . For a third method see

Extension Problem 10.1.]

T

5

5P

R

QN

P Q

R

5 25

5
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Extension Problem

10.1 Show that Question 10 may also be solved using calculus, as follows. Let x be the length of the

third side. Use Pythagoras’ Theorem to calculate the area of the triangle in terms of x, and then

calculus to find the value of x which gives the maximum value of the area.

11. PQRSTU is a regular hexagon, and V is the midpoint of PQ.

What fraction of the area of PQRSTU is the area of triangle STV?

A
4
1 B

15
2 C

3
1 D

5
2 E

12
5

Solution: C

Let O be the centre of the hexagon. The triangle STO has the same

base as triangle STV and half its height. So the area of triangle STV

is twice that of triangle STO. The area of triangle STO is 6
1 of the

area of the hexagon. Hence, the area of triangle STV is 3
1 of the area

of the hexagon.

12. The primorial of a number is the product of all the prime numbers less than or equal to that

number. For example, the primorial of 6 is 30532  uu . How many different whole numbers

have a primorial of 210?

A 1 B 2 C 3 D 4 E 5

Solution: D

Since 7532210 uuu , the primorial of a positive integer n is 210 if and only if the primes less than

or equal to n are 2, 3, 5 and 7. This holds if and only if 117 �d n , as 11 is the next largest prime after

7. So the primorial of n is 210 just for the four values ,7 n 8, 9 and 10.

P V
Q

R

ST

U

V
P Q

R

ST

U
O
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13. The diagram represents a maze. Given that you can only move

horizontally and vertically and are not allowed to revisit a

square, how many different routes are there through the maze?

A 16 B 12 C 10 D 8 E 6

Solution: D

The arrows show all the routes from the initial square to the final square

following the rules. The number in the bottom right corner of each

square shows the number of ways of reaching it following these arrows.

For the initial square this number is 1. For each other square it is the sum

of the numbers in the other squares for which there are arrows leading

into the given square. As this gives 8 as the number in the final square, there are 8 routes through the

maze.

14. An equilateral triangle of side length 4 cm is divided up into smaller equilateral triangles, all of

which have side length equal to a whole number of centimetres. Which of the following cannot

be the number of smaller triangles obtained?

A 4 B 8 C 12 D 13 E 16

Solution: C

In the context of the SMC, it is enough to see that all the other options are possible. This is shown in

the following diagrams:

4 8 13 16

However, a complete mathematical solution requires a proof that option C is not possible.

We first note that the big triangle can only be divided into smaller triangles with side lengths 1cm,

2cm and 3cm. There is room just for one triangle of side length 3cm, and we see, from the second

diagram above, that if we have such a triangle in our subdivision, then there isn’t room for a triangle

of side length 2cm. So the remainder of the subdivision must consist of 7 triangles with side length

1cm. This gives a subdivision into 8 smaller triangles.

We now consider the possible subdivisions into, say, a, triangles with side length 1cm and b triangle

with side length 2cm. By considering the areas of these triangles and that of the large triangle, we

have that

2 2

22

1 1

1

2 4 4

8 8

8
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164  � ba , where a and b are non-negative integers. (1)

There are just 5 solutions of (1), as shown in the table. This a b a + b

shows that the only possible values for ba � are 4, 7, 10, 0 4 4

13 and 16. So a subdivision into 12 smaller triangles is not 4 3 7

possible. Subdivisions into 4, 7, 10, 13 and 16 smaller 8 2 10

triangles are all achievable. The cases 4, 13 and 16 are shown 12 1 13

above. 16 0 16

Extension Problems

14.1 Give diagrams to show the cases where 7 � ba and where 10 � ba .

14.2 Consider the different ways of dividing an equilateral triangle with side length 5cm into smaller

equilateral triangles whose side lengths are a whole number of centimeters. What are the

possible values for the number of smaller triangles in subdivisions of this type?

15. The equation 02  �� baxx , where a and b are different, has solutions ax  and bx  .

How many such equations are there?

A 0 B 1 C 3 D 4 E an infinity

Solution: B

The equation 02  �� baxx has the solutions ax  and bx  if and only if baxx ��2 may be

factorized as ))(( bxax �� , that is, if and only if

abxbaxbaxx ���{�� )(22 (1)

Now, equating the coefficients of x and the constant terms, we see that (1) holds if and only if

)( baa �� (2)

and abb  (3)

From (3) we have that either 1 a or 0 b . If 1 a then, by (2), 2� b . If 0 b , then by (2) 0 a .

Therefore, there is just one case, 1 a , 2� b , where (1) holds and ba z .
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16. PQRS is a rectangle. The area of triangle QRT is 5
1 of the area Q R

of PQRS, and the area of triangle TSU is 8
1 of the area of PQRS. T

What fraction of the area of rectangle PQRS is the area of the

triangle QTU?

A
40
27 B

40
21 C

2
1 D

40
19 E

60
23

Solution: E

In the rectangle PQRS we let aQRPS   and bSRPQ   . Since the area of QRT is 5
1 of the area

of PQRS, we have that )()( 5
1

2
1

abRTa  u . Hence bRT 5
2 , and therefore bTS 5

3 . Since the area of

TSU is 8
1 of the area of PQRS, we have that abbSU 8

1
5
3

2
1 )(  u . Therefore aSU 12

5 and therefore

aPU 12
7 . Hence the area of the triangle PQU is abba 24

7
12
7

2
1 )(  u . The area of the triangle QTU

is the area of the rectangle PQRS minus the areas of the triangles QRT, TSU and PQU, that is,

ababababab 60
23

24
7

8
1

5
1  ��� . So the area of the triangle QTU is 60

23 of the area of the rectangle

PQRS.

17. Jamie conducted a survey on the food preferences of pupils at a school and discovered that

%70 of the pupils like pears, 75% like oranges, 80% like bananas and 85% like apples. What is

the smallest possible percentage of pupils who like all four of these fruits?

A at least 10% B at least 15% C at least 20% D at least 25% E at least 70%

Solution: A

We use the idea that if at least x% of the pupils are in a category X and at least y% are in a category Y,

then at least )%100( �� yx are in both categories. For suppose z% are in both categories. Then at

least )%( zx � are in X but not Y, and at least )%( zy � in Y but not X. We must have that

%100)%(%)%( d���� zyzzx , and hence %)%100( zyx d�� .

Now, as 70% of the pupils like pears and 75% like oranges, at least %45)%1007570(  �� like both

pears and oranges. Hence, as 80% like bananas, at least %25)%1008045(  �� like pears, oranges

and bananas. Therefore, as 85% like apples, at least %10)%1008525(  �� like all four fruits.

P U S

X )%( zx � z% ( zy � )% Y
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18. Two numbers x and y are such that 20 � yx and
2
111

 �
yx

.

What is the value of 22
xyyx � ?

A 80 B 200 C 400 D 640 E 800

Solution: E

We have that  
2
1

xy

yx

yx

�
 �

11
xy

20
 . So

xy

20
2
1
 and hence 40 xy . Therefore

8002040)(22  u � � yxxyxyyx .

Extension Problems

18.1 The polynomials yx � and xy have the property that, in each case, if we interchange x and y

the resulting polynomial is equivalent to the one we started with. That is, yxxy �{� and

xyyx { . For this reason they are called symmetric polynomials.

Which of the following are symmetric polynomials?

(a) 22
xyyx � , (b) 2223

yxyx � , (c) 33
yx � , (d) 222 3xyyx �� .

18.2 It is a remarkable fact that every symmetric polynomial involving just x and y can be expressed

in terms of the basic polynomials yx � and xy. For example

xyyxyx 2)( 222 ��{� . (1)

[To make this more precise we need to say what we mean by “expressed in terms of”. Here this

means that if ),( yxp is a symmetric polynomial there is another polynomial, say, ),( YXP ,

such that ),(),( xyyxPyxp �{ . That is, we obtain ),( yxp by substituting yx � for X and xy

for Y in the polynomial ),( YXP . The example, (1), above shows that when ),( yxp is the

polynomial 22
yx � , we can take ),( YXP to be the polynomial YX 22 � .]

Express the following symmetric polynomials in terms of the polynomials yx � and xy.

(a) 22
xyyx � , (b) 33

yx � , (c) 44
yx � , (d) 55

yx � .

18.3 The theory of symmetric polynomials applies also to polynomials involving more than two

unknowns. For example, zyx �� , zxyzxy �� and xyz are symmetric polynomials

involving the unknowns x, y and z. They are symmetric because in each case, if we swap round

the unknowns in any way we end up with a polynomial which is equivalent to the one we started

with. For example, if we replace x by z, y by x and z by y, the polynomial zxyzxy �� becomes

yzxyzx �� and zxyzxyyzxyzx ��{�� . The polynomials zyx �� , zxyzxy �� and xyz

are the basic symmetric polynomials using the variables x, y and z. Every other symmetric

polynomial using these unknowns can be expressed in terms of them.

Express 333
zyx �� in terms of zyx �� , zxyzxy �� and xyz.
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19. The diagram shows a small regular octagram (an eight-sided star)

surrounded by eight squares (dark grey) and eight kites (light

grey) to make a large regular octagram. Each square has area 1.

What is the area of one of the light grey kites?

A 2 B 12 � C
8
21 D 324 � E

4
11

Solution: B

We first give a geometrical solution, and then one which uses

trigonometry.

Solution 1. We let PQRS be one of the kites. We suppose that the

when the edges PS and QR are extended, they meet at the point T.

As each of the squares has area 1, they have side length 1. So

1  RSPS . The angle between the sides of a regular octagram

is 045 . So 045 �PQR . The angles QPS� and QRS� are right

angles, so from triangle PQT, we have that 045 �RTS . Also, from the rectangle PQRS,
0135 �PSR and therefore 045 �RST . Hence the triangle RST is an isosceles right-angled

triangle in which RS has length 1. So, by Pythagoras’ Theorem, 2 ST . PQT is also a right-angled

isosceles triangle. Hence, 21�  PTPQ . So the triangle PQS has base 1 and height 21� , and

hence area )21(2
1 � . Therefore the area of the kite, which is twice the area of the triangle PQS, is

21� .

Solution 2. We let PQRS be the kite as in Solution 1. Since
045 �PQR we have that 0

2
1 )45( �PQS . Also 090 �QPS

and 1 PS , as it is the edge of a square which has area 1.

So the area of the triangle PQS is PQPQ 2
1

2
1 )1(  u . So the area of the kite which is twice the area of

triangle PQS is PQ.

Now, from the right-angled triangle PQS, we have that PQS
PQ

PS
� tan and therefore

0
2
1 )45(tan
1

 PQ . From the formula
T

T
T 2tan1

tan22tan
�

 , and the fact that 145tan 0  , it follows,

putting 0
2
1 )45( T and 0

2
1 )45(tan x , that 21

21
x

x

�
 . Hence xx 21 2  � , and therefore

0122  �� xx . From the formula for the roots of a quadratic equation it follows that

Q

R

S

1

1

450

450450

Q

P S

R

T2

P
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21
2
82

r� 
r�

 x . Since 0)45(tan 0
2
1 ! , it follows that 1221)45(tan 0

2
1 � �� .

Therefore 12
)12)(12(

12
12

1
� 

��

�
 

�
 PQ . It follows that the area of the kite is 12 � .

Extension Problems

19.1 This problem is for students who are not familiar with the formula
T

T
T 2tan1

tan22tan
�

 used in

the above solution.

(a) Use the addition formulas BABABA sincoscossin)sin( � � and

BABABA sinsincoscos)cos( � � , to obtain a formula for )tan( BA � in terms of Atan and

Btan .

(b) Use the formula you obtain for )tan( BA � to derive the formula above for T2tan .

19.2 Express T3tan in terms of Ttan . Hence find a cubic equation with integer coefficients which

has 015tan as one of its roots.

19.3 From the cubic equation which is the answer to 19.2 derive a quadratic equation with integer

coefficients which has 015tan as one of its roots. Hence obtain an exact expression for
015tan in terms of surds.

20. Positive integers x and y satisfy the equation yx  � 11 .

What is the maximum possible value of ?
y

x

A 2 B 4 C 8 D 11 E 44

Solution: B

We suppose that x and y are positive integers such that yx  � 11 . As x and y are positive, we

may square both sides, to give yxx  �� 11112 . It follows that 11112 �� xyx and so x112 is

an integer. Suppose that nx  112 , where n is an integer. Then, 2)11(4 nx  and so n is divisible by

2 and by 11. Hence for some positive integer a, an 22 . Therefore 2)22()11(4 ax  and therefore

211ax  . It follows that 11112 �� xxy
22 )1(11112211 � �� aaa . Hence

2

1
¸
¹
·

¨
©
§

�
 
a

a

y

x .

For 2 a , we have that 2
1
 

�a
a , and for 3ta , 2

2
11

1
11

1
��d

�
� 

� aa

a . So the maximum

possible value of
y

x is 422  . This occurs when 2 a , and hence for 44 x and 11 y .
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21. Each of the Four Musketeers made a statement about the four of them, as follows:

d’Artagnan: “Exactly one is lying.”

Athos: “Exactly two of us are lying.”

Porthos: “An odd number of us is lying.”

Aramis: “An even number of us is lying.”

How many of them were lying (with the others telling the truth)?

A one B one or two C two or three D three E four

Solution: C

One of Porthos and Aramis is telling the truth, and the other is lying. Since they contradict each other,

at least one of d’Artagnan and Athos is lying, and possibly both of them are lying. So it cannot be

that just one person is lying or all four are lying. But it is possible either that two people (d’Artagnan

and Porthos) are lying or that three of them (all but Porthos) are lying.

22. In the diagram, 010 �ABE ; 070 �EBC ; 050 �ACD ;
020 �DCB ; D �DEF .

Which of the following is equal to Dtan ?

A 0

00

50tan
20tan10tan B 0

00

70tan
20tan10tan C 0

00

70tan
50tan10tan

D 0

00

70tan
50tan20tan E 0

00

50tan
70tan10tan

Solution: A

From triangle BFC we deduce that 090 �BFC . It follows that all the triangles EFD, CFE, BFC and

BFD have a right angle at the vertex F. Therefore we have

EF

DF
 Dtan ,

CF

EF
 050tan ,

CF

BF
 020tan and

BF

DF
 010tan .

Therefore, 0

00

0
00

50tan
20tan10tan

50tan
120tan10tan..tan  uu   

EF

CF

CF

BF

BF

DF

EF

DF
D .

23. What is the minimum value of ?466222 ����� yxxyyx

A 7� B 5� C 4� D 1� E 4

Solution: B

Note that the polynomial 466222 ����� yxxyyx is symmetric in the sense described in the

Extension Problems for Question 18.

A

B C

D

F

E

500

200700

100
D
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We have that 4][6][4662 222 ���� ����� yxyxyxxyyx 5)3]([ 2 ��� yx .

Since 0)3]([ 22 t�� yx , it follows that 5466222 �t����� yxxyyx , and this value, 5� , is

achieved for 03  �� yx , that is whenever 3�� xy .

24. Three circles and the lines PQ and QR touch as shown. P

The distance between the centres of the smallest and

biggest circles is 16 times the radius of the smallest

circle. What is the size of PQR� ? Q

A 450 B 600 C 750 D 900 E 1350

R

Solution: B

We let the centres of the circles be S, T and U, and

the points where they touch PQ be V, W and X,

as shown. We let the radii of the circles be

a, b and c, with cba �� as shown, let dQS  .

and let D �PQU .

Then badQT �� and cbadQU ��� 2 . Because PQ is a tangent to all three circles,

the triangles QVS , QWT and QXU have right angles at V, W and X, respectively. Therefore

cbad

c

bad

b

d

a

���
 

��
  

2
sinD .

Since Dsin 
d

a , we have Dsinda  .

Therefore, as Dsin 
�� bad

b , we have Dsin)( badb �� . Hence DDD sin)sin(sin ddbb � �

and therefore
D

DD
sin1

)sin1(sin
�

�
 
d

b .

Hence, as Dsin
2

 
��� cbad

c , we have Dsin)2( cbadc ��� . Hence

D
D

DD
DD sin

)sin1(
)sin1(sin2sinsin ¸̧
¹

·
¨̈
©

§
�

�
�� �
d

ddcc and therefore

� �)sin1(sin2)sin1)(sin1(
)sin1(

sin
)sin1(
)sin1(sin2sin1

)sin1(
sin

2 DDDD
D
D

D
DD

D
D
D

����
�

 ¸̧
¹

·
¨̈
©

§
�

�
��

�
 

dd
c

2

2

)sin1(
)sin1(sin

D
DD

�
�

 
d .

Q S T

P

U

V

W

X

a

b

c
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Now, as the distance between the centres of the smallest and largest circles is 16 times the radius of

the largest circle, acba 162  �� , and thus

D
D

DD
D

DD
D sin16

)sin1(
)sin1(sin

)sin1(
)sin1(sin2sin 2

2

d
dd

d  
�

�
�

�
�

� .

We can divide through by Dsind as this cannot be 0. We then obtain

1
sin1
sin1

sin1
sin121

2

 ¸
¹
·

¨
©
§

�
�

�¸
¹
·

¨
©
§

�
�

�
D
D

D
D ,

that is,

16
sin1
sin11

2

 ¸̧
¹

·
¨̈
©

§
¸
¹
·

¨
©
§

�
�

�
D
D , or, equivalently, 16

sin1
2 2

 ¸
¹
·

¨
©
§

� D
.

It follows that 4
sin1
2

r 
� D

, giving
2
1sin1 r � D , and hence that

2
1sin  D , or

2
3sin  D . The

latter value is impossible, so
2
1sin  D , and, as from the geometry of the problem, 0900 ��D , we

deduce that 030 D . Therefore 0602   � DPQR .

25. A solid sculpture consists of a 444 uu cube with a 333 uu cube

sticking out as shown. Three vertices of the smaller cube lie on

edges of the larger cube, the same distance along each edge.

What is the total volume of the sculpture?

A 79 B 81 C 82 D 84 E 85

Solution: C

The volume of the sculpture is the sum of the volumes of the two cubes minus the volume of their

intersection. This intersection consists of two tetrahedra which are both congruent to the tetrahedron

PQRS, shown, where P, Q and R are three vertices of the smaller cube.

In one of these tetrahedra the fourth vertex S corresponds to the vertex of

the smaller cube which is inside the larger cube. In the other, S corresponds

to the vertex of the larger cube which is inside the smaller cube.

So PQRS is a tetrahedron whose base has area 2
92

2
1 3   b and with

height 3 h . So the volume of PQRS is 2
9

3
1  bh . So the volume of the intersection which is made up

of two of these tetrahedra is 92 2
9  u .

It follows that the volume of the sculpture is 8292764934 33  �� �� .

3

3

3

P

S

Q

R
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